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Potential vorticity (PV) defined as:
q = VO • ( f k  +  12)
where 6 is density anomaly, 12 (V  x u) is relative vorticity, k  is unit vertical vector 
and /  the coriolis param eter, is used as an dynamical tracer to study the interior 
therm ocline circulation. Using the generalized flux form of PV  equation (Haynes and 
M cIntyre, 1987), wind stress and buoyancy fluxes at surface outcrops of isopycnal 
surface are translated into PV fluxes. The PV flux condition so derived considers 
seasonal movement of the isopycnal outcrops and geostrophic turbulence. After some 
transform ations, m ean PV transport into an isopycnic layer (PV flux times the sepa­
ration distance between adjacent isopycnals, averaged over a period longer than  the 
eddy tim e scales), is:
= (/ +
where d H /d s  is “to ta l” pressure gradient along the surface outcrop of the isopyc­
nal, (  is the vertical component of the relative vorticity, v'n( '  is Reynolds flux of 
vorticity and vn is the  quasi-horizontal velocity component normal to the outcrop (al­
most northward) w ithin an isopycnic layer below mixed layer base. The influence of 
therm odynam ic variables are hidden in the pressure gradient term , while seasonal m i­
gration of isopycnals does not affect the PV transport. It is argued tha t the Reynolds 
flux arising from geostrophic turbulence, dom inates the transfer of PV within the 
isopycnic layer.
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A constant layer dep th  model, forced by the  above flux condition, is used to  study 
its influence on the interior circulation. The im perm eability theorem  of Haynes and 
M cIntyre (1987), justifies treatm ent of a  single isopycnic layer in isolation. Non-linear, 
quasi-geostrophic equations are used to  study the dynamics on a rectangular basin 
model. The model is forced by PV at the  northern boundary of the domain, which 
represents the location where the PV flux enters the  therm ocline interior.
PV input a t the  northern  boundary allows the circulation to  build up until op­
posite PV input a t some other boundaries lim its the  process. The model simulation 
shows active northern, eastern and western boundary layers, and an interior circu­
lation pa tte rn  with properties similar those inferred by the homogenization theory 
of Rhines and Young (1982a). However, in the present study, the boundary layers 
control the key features of the circulation unlike in the  classical models driven by 
Ekman pumping. The results show th a t the anticyclonic gyre forming in response 
to  negative PV input on the northern boundary, has a strength  depending on the 
intensity of the forcing, lateral diffusivity and the eastern boundary condition. In the 
case of an upwelled isopycnal (free slip eastern wall), the eastern boundary layer is 
stable and penetrates to  a  considerable distance south. On the contrary, for isopycnal 
intersecting the eastern boundary (no-slip wall), the eastern boundary layer separates 
at a short distance from  the  northeast corner, injecting massive amounts of positive 
vorticity into the basin. Cyclonic eddies are shed at a constant frequency near the 
eastern boundary, in the no-slip case, propagate towards the west and dissipate near 
the western boundary. Experim ents with realistic subduction rates show th a t the PV 
transport due to  the  to ta l pressure gradient along the isopycnal outcrop dwarfs the 
transport due to  subduction. The results obtained mimic a certain extent features 
of subtropical gyre circulation near eastern boundaries, notably in the Azores frontal 
area.
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1 Introduction
The vertical struc tu re  of oceans shows a strong vertical density gradient in rela­
tively shallow water (200 -  800 m ), commonly known as the  m ain thermocline. The 
surfaces of constant potential density (isopycnals) of the  m ain oceanic therm ocline 
term inate  in surface “outcrops” a t mid to high latitudes. Early studies by Rossby 
(1936) and M ontgomery (1938) have shown th a t the flow at therm ocline depths is 
along isopycnal surfaces. Iselin (1939) pointed out th a t the  tem perature  and salinity 
characteristics in the  interior (i.e., below the mixed layer depth) can be traced back 
to  the  surface along isopycnals. The T -S  properties a t the surface are determ ined by 
the surface processes of heating or cooling, freshening and mixing. Such observations 
justify  layer models for the  study of circulation on isopycnic layers of the therm o­
cline. But what forces the  interior circulation is still a  debatable issue in therm ocline 
studies.
Recent analytical models force the interior either by eddy stresses (Rhines and 
Young, 1982a,b) or by prescribing inflow at positions where the isopycnic layers ter­
m inate (Luyten et al., 1983). The scalar-like behaviour of potential vorticity (PV) 
has been exploited by Rhines and Young (1982a,b) to analyze the dynamics of interior 
circulation in isopycnic layers, using quasi-geostrophic equations but neglecting the 
relative vorticity. PV  defined as:
q =  V O  • (fk +  O )
where 9 is density anomaly, (V  x u) is relative vorticity, k  is unit vertical vector, 
/  th e  coriolis param eter is a conserved quantity  in the ocean interior. They argued
1
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th a t eddy flux of PV , represented as the  down-gradient flux of PV, leads to PV 
“homogenization” in isopycnic layers. PV maps for several isopycnic layers of the 
North A tlantic (McDowell et al., 1982) support the ideas developed by Rhines and 
Young, bu t they also draw attention to boundary effects a t the continental margins 
and near the surface outcrop of the layers.
By a  completely different approach, focussing on the subduction of the surface 
water into the therm ocline layers, Luyten et al. (1983) form ulated the theory of ven­
tilated  thermocline. T he active layers in their multi-layer model are driven by Ekman 
pum ping when they are a t the surface but are forced by layer-to-layer interactions 
when submerged, constrained by PV conservation. This theory aims only a t the  in te­
rior circulation (away from any boundary layers) and also neglects relative vorticity, 
as well as eddy flux of PV.
Recently, there has been renewed interest in using PV dynamics to study the ther­
mocline problem. O ur present ideas on PV dynamics originate from E rtel’s classical 
theorem  on the conservation of PV. Based on this, and later extensions of it, Haynes 
and M cIntyre (1987, hereafter HM; 1990) discussed the flux form of PV balances and 
interpreted it in an “im permeability theorem ” for isopycnal surfaces. According to 
this theorem , the isopycnal surfaces are impermeable to  PV  and the total stock of 
PV  within isopycnic layers remains constant. Input or ou tpu t of PV can only occur 
at the isopycnic outcrop positions or at the boundaries where they term inate. This 
makes it possible to trea t a single isopycnic layer independently of other layers. PV 
flux input a t boundaries occurs either from friction force or from density change due 
to  heating, freshening or mixing.
M arshall and Nurser (1992; hereafter MN92) applied the  impermeability theorem  
to study a continously stratified therm ocline model, in which the interior isopycnic 
layers are forced by the  PV flux vectors calculated at the  mixed layer base. They 
showed th a t the PV flux vectors, consisting of advective and non-advective fluxes,
2
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could generate circulation of significant am plitude. Their approach supposes, how­
ever, stationary  isopycnal surfaces and surface outcrops, while observations show th a t 
the  isopycnal outcrops move over distances of the order of 1000 km  in a  period of 3 to 
4 m onths i.e., a t a speed of the order of 0.1 m s-1 , much faster than  the mean m erid­
ional surface velocity. On a  shorter tim e scale, where outcrops of adjacent isopycnals 
come close together, hydrodynam ic instability of a frontal current (such as the Azores 
C urrent) causes completely disordered displacements of outcrop lines. An im portant 
point emphasized by HM and MN92 is that when isopycnals move relative to the  fluid 
(because of density change), PV moves with them .
A nother physical process pertinent to therm ocline circulation is the transfer of 
surface water into the interior, known as “subduction” . It is generally believed th a t 
subduction influences the interior circulation to a significant extent. Using therm o­
dynam ic argum ents, Nurser and Marshall (1991) obtained a simple relationship for 
the  subduction ra te  at the base of the mixed layer in term s of a  “net heat gain” and 
PV  a t the  mixed layer base. The net heat gain here refers to the net surface buoyancy 
flux less th a t due to  cold water advection by Ekm an drift. According to this result, 
the  subduction rate  is directly proportional to the net heat gain and inversely to PV 
at mixed layer base. Their relation emphasizes the role of buoyancy in controlling 
the subduction and setting the PV of the thermocline.
The aim  of the present study is twofold. F irst, it reviews what determines PV 
input into isopycnic layers at their outcrop position and then discusses the physical 
processes th a t transfer PV  into the interior. The flux form of the PV equation (MN92) 
is used to  determ ine PV input by wind and buoyancy flux. The derivation takes into 
account the seasonal m igration of isopycnals, as well as shorter term  motions due 
to  geostrophic turbulence. The approach is sim ilar to that used by Csanady and 
Pelegri (1995) in deriving the PV input a t the intersection of isopycnals with the 
continental slope. The study also investigates the validity of Nurser and M arshall’s
3
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(1991) form ula for subduction velocity, connecting it to  surface buoyancy flux and PV. 
This theory is mainly applicable to  the  eastern subtropical North Atlantic, where the 
isopycnic surfaces of the  upper therm ocline outcrop. This is also the  region of water 
mass subduction where the water is forced from the surface layer into the  interior 
(Sarm iento et al., 1982; Jenkins, 1987). Detailed discussion of this region is presented 
in second chapter.
Second, this study develops a simple model of boundary driven flow through PV 
input, w ithin an isopycnic layer. The model retains the simplicity of other conceptual 
models, such as those of Rhines and Young (1982a,b), or Luyten et al. (1983), bu t also 
takes into account the relative vorticity and eddy flux of PV. Assuming a constant 
layer depth  (a necessary overidealization), a non-linear, quasi-geostrophic model is 
developed here, driven by PV gradient flux at the northern boundary. The PV  flux 
forced at the outcrop position is assumed to be transferred to a  “handover” section, 
which lies a  short distance from the outcrop position. This handover section is the 
northern  boundary of the model. It will be argued th a t Reynolds flux of vorticity is 
the m ain vehicle by which PV entering at the surface is transferred into the interior 
dom ain. The model uses a fine grid so as to  resolve the boundary layers, im portan t in 
this boundary forced problem. Some of the model param eters are chosen to represent 
the eastern subtropical North A tlantic.
The thesis is organized in the following m anner. In the second chapter, the  liter­
a ture  of therm ocline circulation is reviewed. The derivation of the  forcing function is 
explained in chapter three, showing how the combined effect of wind and buoyancy 
flux defines the PV flux at the outcrop. Chapter four describes the m odel physics 
and the single layer quasi-geostrophic model of circulation in an isopycnic layer. The 
results of various simulations carried out are presented in chapter five. The results 
obtained are discussed in chapter six and the conclusions are presented in chapter 
seven.
4
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2 Background
2.1 Theories o f therm ocline circulation
The idea th a t the subsurface layers of the  main oceanic thermocline are forced by 
surface processes originates with the studies of Iselin (1936, 1939) and Montgomery 
(1938). Early diagnostic studies from Rossby (1936) and Montgomery (1938) have 
shown th a t the flow in the  therm ocline layers is along surfaces of constant potential 
density (isopycnals). M ontgomery (1938) analyzed tem perature  and salinity distri­
butions along isopycnal surfaces and gave a  descriptive account of the circulation, 
assuming th a t flow is confined to “isentropic” layers.
The depth of the isopycnals decreases as one moves to  higher latitudes in the 
subtropical gyre. They eventually intersect the sea surface along ‘outcrop’ curves. 
From these outcropping positions, the water affected by atmospheric interactions 
can reach depths of th e  order of 1 km along the isopycnals. From an analysis of 
T-S diagrams, Iselin (1939) concluded th a t the w ater mass characteristics in the 
perm anent therm ocline are determ ined by surface processes. Accordingly, the sea 
surface is a  key site where therm odynam ic and mechanical interactions with the 
atm osphere take place and from where the  “m em ory” of these interactions is carried 
with the fluid down into the  ocean interior (Holland et al., 1984).
Similarly to tem pera tu re  and salinity, PV is also a conserved property in the ocean 
interior, while at the surface its value is set by surface processes. The im portance 
of PV in oceanic general circulation studies rests on E rte l’s theorem and has been 
emphasized by several authors, see for exam ple Rhines (1986a,b) and Bryan (1987). 
The usefulness of the isentropic PV concept in atm ospheric and oceanic circulation
5
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studies is due to the  invertibility of the PV  field into three-dimensional velocity and 
density fields (Hoskins et a l, 1985). In the  absence of diabatic heating and frictional 
or o ther forces, PV  is simply advected like a m aterially  conserved chemical tracer 
(Rossby, 1940; E rtel, 1942).
Initial theoretical studies of the therm ocline circulation (Robinson and Stommel, 
1959; Needier 1967; Welander, 1971) concentrated on finding sim ilarity solutions 
to  the  planetary-scale equations for PV  and density. Because of the constraint to 
m aintain the same form of the solution through the  domain of the solutions had many 
unrealistic features. One such feature was tha t the  solutions required all isopycnals 
to  rise to  the surface a t the eastern boundary. The solutions were unable to  satisfy 
realistic surface conditions and ignored the role of dissipation in the dynamics. The 
complexity of the nonlinear equations stalled further efforts in this direction.
Later studies considered the ocean a  stack of layers of constant potential density, 
an approach simplifying the nonlinear equations. In the early eighties, two therm o­
cline theories came into prominence, the theory of potential vorticity “homogeniza­
tion” by Rhines and Young (1982a,b, hereafter RY82) and the theory of the  ventilated 
therm ocline of Luyten et al. (1983). The former involves the redistribution of the  PV 
by lateral eddy m ixing in a recirculating gyre. In the  latter, surface Ekm an pumping 
forces fluid into the  interior at the surface outcrop, with Sverdrup dynamics governing 
the  interior circulation.
2.1.1 Ventilated thermocline theory
Luyten et al. (1983, hereafter LPS) developed the ventilated therm ocline theory, 
with the subsurface isopycnal layers forced at their outcrop positions. Their m ulti­
layer model study is based on the Iselin’s (1939) concept of flow in the subsurface 
layers. Here “ventilation” refers to subduction of mass into or extraction from the 
subsurface layers. In the LPS model, the surface density distribution and Ekman
6
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pum ping prescribed a t the outcrop position defines th e  structure of the  therm ocline 
and its associated motion. The water pushed down in to  the  thermocline a t the  outcrop 
position downwells along the isopycnals as it moves southw ard, the m otion governed 
by Sverdrup balance. The no-zonal flow condition im posed at the eastern boundary 
requires the  thickness of the isopycnal layer to be constan t. At the same tim e it also 
requires th a t potential vorticity (~  f  jh , in linearized form) must be conserved. To 
satisfy both  the constraints the flow has to  pull away from the eastern boundary as 
the flow moves southward.
Consequently, three distinct regions form in th e  ocean interior: a pool region 
where the PV is homogenized by turbulent eddy m ixing (as in the RY82 theory), a 
ventilated region forced at the upper surface by Ekm an pumping, and a shadow zone 
on the eastern boundary which cannot be reached by fluid intruding from the outcrop 
line. Pedlosky (1990) a ttribu tes shadow zone form ation to inexact conservation of PV 
in the ventilation theory. W hile this theory sucessfully extends classical concepts of 
wind-driven circulation to interior layers, it ignores PV  input at the surface due 
to  buoyancy forcing. Furthermore, its treatm ent of eastern  boundary conditions is 
unrealistic. Contrary to the observations in the N orth  Atlantic, the no-zonal flux 
condition a t the eastern boundary used in LPS m odel assumes tha t all unventilated 
isopycnals are flat along the eastern wall. Further, it also requires all isopycnals of 
the ventilated therm ocline to rise to the surface.
2.1.2 Homogenization theory
The fully submerged isopycnic layers of the therm ocline which are not directly forced, 
either by wind or by buoyancy, are said to be unventilated. RY82 analysed the circu­
lation of such unventilated layers and formulated the  theory of PV homogenization. 
Here “homogenization” refers to the erosion of horizontal gradients. According to 
their theory, PV gets homogenized across geostrophic contours by the lateral diffu-
7
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sion oi PV. Geostrophic contours are isolines of constant PV  on surfaces of constant 
density.
T he theory of homogenization postulates advection to  be dom inant over diffusion 
(large Peclet num ber, U L/K , where K is the lateral diffusivity, U and L are the  velocity 
and length scales, respectively) so th a t PV is nearly uniform along the streamlines. 
As the  fluid recirculates along these closed contours indefinitely, the weak diffusivity 
has sufficient tim e to  make PV  uniform across the stream lines. However, if diffusion 
is strong, then gradients of PV  will diffuse in from the boundaries.
Evidence for homogenized regions, postulated in the RY82 theory are observed in 
the  PV  maps of McDowell et al. (1982) and Keffer (1985), derived from hydrographic 
da ta  (Fig. 1 and Fig. 2). Numerical model studies of Holland et al. (1984) also 
show homogenized regions (Fig. 3) within the subtropical gyres, with gradients at 
the  boundaries. McDowell et al. (1982) and Keffer (1985) used a linearized form of 
PV  ( /  dp/dz)  to  calculate the PV from the hydrographic m easurem ents of p alone. 
Figures 1 and 2 show homogenized region of PV in the subtropical region with strong 
PV  gradients a t the gyre boundary. The mean PV in the second layer of the Holland 
et al. (1984) study also show sim ilar characterstics. However, the  homogenized region 
in their study is the result of eddy diffusion.
T he homogenized therm ocline theory uses a standard /?-plane quasi-geostrophic 
approxim ation which allows only small overall departures of isopycnal depths from 
their rest values. The theory assumes th a t eddies are weak everywhere along stream ­
lines and th a t in spite of this, the lateral diffusion of PV is the largest dissipative pro­
cess along it (Young, 1986). The tim e dependent study of Rhines and Young (1983) 
showed th a t the homogenization of a passive tracer occurs in two stages. Initially, 
rapid shear-enhanced diffusion averages out the initial values of the tracer along the 
stream line, followed by a slower phase in which the diffusion homogenizes the tracer 
across the isopleths, held to  stream lines by the strong advection. For a  nonlinear,
8
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Figure 1: Potential vorticity between the ag =  26.5 and 27.0 surfaces in North A tlantic 
(in units of 10-11 m s-1 ). A plateau of uniform potential vorticity appears a t its rim. 
From McDowell et al. (1982).
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Figure 2: Potential vorticity between the erg =  26.5 and 27.0 surfaces (in units of 
10"n  m s-1 ). Note regions of homogenized potential vorticity in the North and 
South A tlantic. From Keffer (19S5).
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Figure 3: Five year mean streamfunction at th e  top, th ird  and fifth levels (at the 
m ean depths of 150, 850 and 1750 m, respectively) of an eight-level eddy-resolving 
num erical sim ulation of the wind-driven circulation, (b) T he m ean potential vorticity 
on the same surfaces, (c) The mean depth in m eters of the th ird  layer, (d) The 
instantaneous potential vorticity of the third layer. From Holland et al. (1984).
11
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dissipative model, Dewar et al. (1984), showed th a t the  tim e taken to  establish the  
circulation is the  diffusion tim e scale rather than  the  tim e taken by the planetary 
waves to  cross the  basin.
R.Y82 theory does not allow isopycnal surfaces to  deform strongly or to  intersect 
the  sea surface thus exposing deeper layers to  wind forcing. Hence, it is not applicable 
where outcropping and ventilation affect PV  distribution. Furtherm ore, the non­
linear interaction of any boundary layers with the interior flow is ignored.
Pedlosky and Young (1983) superimposed ventilated and unventilated layers in 
such a way th a t the  sum  of the meridional transports satisfied the Sverdrup relation. 
They noted th a t the size of the homogenized PV pools shrinks in the  unventilated 
layers and also th a t the  strength of the circulation diminishes in the ventilated lay­
ers if the subsurface layers carry a  portion of the  Sverdrup transport. They also 
emphasized the im portance of dissipation in obtaining a  unique solution. In the un­
ventilated region, they hypothesized th a t PV homogenization depends on PV mixing 
a t mesoscale levels and  on the interaction of the mid-ocean gyre w ith the western 
boundary current regions.
W estern boundary layers were generally neglected in the theories of RY82 and 
LPS. Initially, these layers were treated  as passive conduits to  move the fluid from 
the south to  the  north  (Young and Rhines, 1982). Later, Ierley and Young (1983), 
showed th a t the theory of homogenization is not applicable when strong western 
boundary currents are present. The homogenization theory of RY82 requires PV to 
be functionally related to  the streamfunction everywhere on the closed streamline as 
the  PV is not uniform inside a closed geostrophic contour. Ierley and Young (1983) 
dem onstrated th a t when all the streamlines pass through the frictional boundary layer 
the  PV in the lower layer (not homogenized) is no longer functionally related to its 
stream function but it is determ ined by the dynamics of the frictional boundary layer. 
The inclusion of a strong frictional western boundary layer into their two layer, quasi-
12
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geostrophic model resulted in the occurrence of PV gradients enhancing cross-stream 
mixing.
While RY82 stress the  im portance of weak, nonconservative eddy mixing, the  LPS 
model derives flow structure from the  conservation of PV. T he observational evidence 
shows th a t both  lateral mixing (as in RY82) and downstream  advection at the  isopyc- 
nic outcrop (as in LPS model) are im portant to the actual ocean circulation (Jenkins, 
1987). Both the homogeneous and the  ventilated models neglect relative vorticity in 
comparison w ith the planetary vorticity for the scales of m otion considered.
2.1.3 The J-vector approach
Another approach to the study of circulation in therm ocline layers (Marshall and 
Nurser, 1991; MN92) which also based on PV conservation, concentrates on surface 
input of PV. This approach builds upon the earlier work of Truesdell (1951), Obukhov 
(1962) and Haynes and M cIntyre (1987; 1990). The generalized flux form of the PV 
equation th a t expresses Haynes and M cIntyre’s ideas are:
|  +  V . J  =  0 (2.1)
J  =  u < | + V # x F  +  ( / H f l ) ^
Cl =  V  x u 
q =  V0 • ( f k  + Cl)
where q is PV and J  is the PV flux vector. Advective and non-advective fluxes to­
gether constitute the J  vector. HM summarized the results in two theorems which 
govern PV budgets between isopycnals: the following two sta tem ents hold exactly 
whether or not diabatic heating and frictional or other forces are acting:
1. There can be no net transport of PV across any isentropic surface.
2. PV can be neither created nor destroyed, within a layer bounded by two isentropic 
surfaces.
13
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Isentropic surfaces are the surfaces of constant potential tem perature. HM demon­
stra ted  th a t buoyancy and mechanical forcing can only dilute or concentrate PV 
content between isentropic surfaces but can neither create it or destroy it. The isen­
tropic surfaces behave as if they are exactly impermeable to  the PV-substance defined 
as pq even when diabatic heating or cooling, including th a t associated with turbulent 
mixing, makes them  perm eable to mass and chemical substances (cf. Haynes and 
M cIntyre, 1990). PV -substance is a globally conserved substance of which pq is the 
density or q is the am ount per unit mass. Global conservation of PV -substance is the 
result of the fact th a t the quantity  pq can be w ritten in the  divergence form (Eq. 2.1). 
It is closely related to Kelvin’s circulation. Consider a control volume (dV)  bounded 
by two isopycnals, plus a perim eter lying parallel to ( f k  + f t) . The PV-substance 
integrated over the control volume is then:
J  J  J  pq d V  =  J  J  p ( f k  +  12) • hdA
taken over the bounding surface with the outward normal n . Substituting for J2 
yields:
W / u - a  +  M ) l » = 0 .
where A  is the area projected normal to / ,  dl is a  vector line segment defining the 
perim eter. f A  is the  planetary vorticity contribution. The robust conservation of 
absolute circulation thus accounts for the conservation of integrated PV (Rhines, 
1993). HM argued th a t if a region of low PV is created in the  middle of a fluid by 
mixing its mass density, (for example), this will be compensated for by an increase 
in PV at the edges of the region due to enhanced stratification. In a similar way, 
any twisting force on the fluid results in producing regions of positive and negative 
vorticity which cancel when integrated over the  entire domain of isopycnals (Rhines, 
1993).
Isopycnal surfaces in the oceans are equivalent to the  isentropic surfaces of the 
atm osphere. MN92 used J  vectors to quantify the am ount of PV  th a t enters the
14
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isopycnals and then to portray subsequent PV  transport. The im perm eability of 
isopycnal surfaces to PV  only allows PV flux between two such surfaces to originate 
from either the  free surface or a  solid boundary. MN92 illustrated this idea schem at­
ically (Fig. 4). Open PV flux lines emanating from the sea surface (where there is 
net buoyancy forcing) end either on the oceanic boundaries (where frictional forces 
come into play) or a t the ocean surface (where the mixed layer cools). Closed flux 
line ([1] in Fig. 4) recirculates through the western boundary. Fig. 5 shows the  same 
in a  vertical section.
The idealized therm ocline model of MN92 did not include the W estern Bound­
ary Current. However, the western boundaries can be a source or sink of PV , so 
th a t some of the flux lines may term inate there. Csanady and Pelegri (1995) elu­
cidated the mechanism by which PV entering through the sea floor gets into the 
interior. They postulated th a t mean PV transport is continuous along isopycnals 
between the bottom  boundary layer (where mechanical turbulence transports PV) 
and a boundary current in statistically steady sta te  (where geostrophic turbulence 
transports PV ). W ithin the boundary current Reynolds flux of PV is the J  vector. 
Hence, in the boundary current the divergence of Reynolds fluxes balances planetary 
vorticity advection and other term s in the vorticity equation.
2.2 Subduction
The phenomenon of the transfer of near-surface fluid from the turbulent mixed-layer 
down into the adiabatic and geostrophic interior is known as subduction. Its opposite 
(upwelling of fluid into the mixed layer) is sometimes called obduction (Huang, 1994). 
The mechanism of subduction or obduction is closely related to  and controlled by 
mixed layer dynamics which in tu rn  depends on the mechanical and buoyancy forc­
ing acting at the sea surface. Hence, the surface boundary conditions influence the 
interior circulation indirectly by determining the am ount of mass (and the associated
15
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outcrop
isopycna/ sheet
Figure 4: A schematic, diagram  showing PV  flux lines on an isopycnal surface. Closed 
flux lines [1] recirculate through the western boundary current. Open flux lines [2 ] 
and [3 ] em anate from the  sea surface and can either a ttach  themselves onto the coast 
[2] or retu rn  to the  ocean surface [3]. F lux  line [4] em anates from the coast and 
term inates from the  sea surface. From M arshall and Nurser (1992).
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W e
Ekman
l a y e r
M i x e d
layer
Thermocline
Figure 5: A schem atic diagram  showing isopycnals in the  therm ocline outcropping 
in to  a  vertically homogenous mixed layer. Ekm an pum ping at the  surface W e drives 
horizontal flow in the  mixed layer, which slides to  and from the therm ocline through 
the  sloping base of the mixed layer. The mass flux per unit surface area through the 
m ixed-layer base is S ; it is the field of S  th a t drives flow in the therm ocline. From 
N urser and M arshall (1991).
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PV ) th a t is subducted into or extracted from an isopycnal layer. The fluid can be 
subducted into the interior due to  either the lateral convergence of isopycnals as a 
result of convergent Ekm an drift or non-uniform buoyancy flux forcing the  fluid across 
isopycnals a t variable rates. The sum of these two determines the am ount of fluid 
th a t  is taken into the subsurface layers (Rhines, 1993).
Earlier ventilated therm ocline models (LPS; Huang and Bryan, 1987) assumed 
th a t  the fluid is pum ped into the  therm ocline layers a t a  ra te  equal to Ekm an pum p­
ing defined as (p/ ) _1 times the  curl of the wind stress. However, Ekm an pum ping 
alone could not account for the  high ventilation rates inferred from tracer studies of 
Sarm iento (1983) and Jenkins (1987). The currently prevailing view is th a t fluid is 
pum ped down from a  shallow surface Ekm an layer into a deeper mixed layer. It is 
from  the base of th a t m ixed layer (the depth of which varies spatially and tem porally) 
th a t the therm ocline is ventilated. Mixed-layer dynamics was neglected for sim plicity 
in the  earlier development of the  therm ocline theory, bu t later models (Woods, 1985; 
Huang, 1990) emphasized its role in therm ocline circulation. Woods (1985) pointed 
out th a t  the  lateral induction of fluid across the sloping base of the mixed layer makes 
a  significant contribution to the  ventilation of the therm ocline layers. Ekm an layer 
is considered as the depth  over which the wind influences the interior. Hence, recent 
therm ocline models include a shallow Ekm an layer embedded in a  mixed layer which 
overlays an adiabatic stratified interior (Huang, 1990; Nurser and M arshall, 1991; 
MN92), as in Fig. 5. In this usual model, the outcropping isopycnals are vertical in 
the  mixed layer because the vertical density gradients are supposed to be elim inated 
by wind and surface cooling.
In the above general approach, the instantaneous subduction rate  S', is defined 
as the  downward velocity of a parcel of fluid relative to  the base of the mixed layer 
(Cushm an-Roisin, 1987b; Nurser and Marshall, 1991; W illiams, 1991):
dh,
S  = - - ^ - U b - V h - W b  (2 .2 )
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where h is the  mixed layer depth, iff, is the horizontal velocity vector of the  particle 
a t the  base of the  mixed layer, Wb is its vertical velocity and t is the  tim e. The 
quan tity  S  is the volume flux of the  fluid per unit horizontal area per unit tim e th a t 
enters the therm ocline from the mixed layer across the mixed-layer base (Marshall 
et al., 1993). Seasonal deepening or shoaling of the mixed layer does not result in 
the  perm anent transfer of the fluid from the mixed layer into the adiabatic interior 
(Woods, 1985). Hence, over the course of a  year, the  vertical velocity and the lateral 
induction (though an order of m agnitude smaller than  d h /d t )  result in long-term 
transfer of fluid from the mixed layer into the perm anent therm ocline (Marshall et 
al., 1993).
Based on the above kinem atic relation (Eq. 2.2), M arshall et al. (1993) evaluated 
the subduction rate  from the Ekman pumping field of Isemer and Hasse (1987) and 
from the climatogical hydrographic dataset of Levitus (1982). They calculated vertical 
subduction rates of up to 3.0 x 10- 6  m s- 1  over some of the  subtropical gyre (Fig. 
6 ). In the region of the eastern North Atlantic where the isopycnals of the upper 
therm ocline outcrop, the rates are of the  order of 0 .8  x 1 0 - 6  m  s-1 .
Using a simple mixed layer model (Fig. 5), Nurser and M arshall (1991), reformu­
lated the subduction rate (S ) in term s of the buoyancy flux and PV available at the 
mixed layer base. Assuming the velocity and potential density continous across the 
mixed layer base, they showed that:
( 2 - 3 )
where Hnet is the heat absorption associated with the cross-isopycnal transport and 
Qb = —f p ~ xd p ld z \ z=-h is the PV  at the mixed layer base. According to the above 
form ulation, the total PV flux between the mixed layer and the therm ocline (SQb) 
is proportional to  /  Hnet/h .  This relation implies th a t subduction is physically de­
term ined by what Nurser and M arshall (1991) defined as “ne t” heat gain. However, 
the above derivation neglected the seasonal movement of the isopycnals, thus lim iting
19
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Figure 6 : Annual subduction rate S ann (m y1'-1) into tlie m ain therm ocline. From 
M arshall et al. (1993).
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the  validity of the  above form ulation to  the  case of sta tionary  isopycnal outcrops. 
M arshall et al. (1993) defined H net as:
H net = 9— H i n - H aalt- H Ek (2.4)
°v
where a  is the therm al expansion coefficient, cp is the heat capacity  of the  water, Hin 
is the surface heat flux, H„an is the buoyancy due to  the  surface salt flux (contributed 
by the  evaporation and precipitation rates). HEk is the buoyancy flux acquired by 
the  Ekm an drift defined as:
H Ek =  -^7  k  x  r  • V  pm 
PJ
where r  is the wind stress and pm is the mixed-layer density.
The Hnet obtained from the  climatology data  of Levitus (1982) and Isemer and 
Hasse (1987), is of the order of 5 to  10 W  m - 2  over the subtropical gyre favouring 
subduction, except along the Gulf Stream  where the net heat flux is negative ( ~  -50 
to  -100 W m -2) supporting entrainm ent (Fig. 7). A heat flux of 10 W  m ~ 2 acting 
on a  mixed layer of 100 m depth with a PV of 3.0 x 10-1° m - 1  s - 1  a t the mixed layer 
base, gives a subduction rate of the order of 1.5 x 10" 6 m  s-1 .
2.3 N um erical m odels o f therm ocline circulation
Though analytical models provide some insight into the  underlying physics, they 
cannot take into account many non-linear processes and they also neglect im portant 
processes in lateral boundary layers. In the PV  m aps of McDowell et al. (1982) 
derived from observations, boundary currents and mesoscale fields are poorly repre­
sented because relative vorticity was neglected in comparison to  the planetary vor­
ticity. Numerical models rem ain the only tools to explore such complicated features 
of circulation as the  interplay of boundary layers with interior dynamics, a  process in 
which relative vorticity is im portant.
Eddy resolving, multi-layer numerical models, using either the  quasi-geostrophic 
approxim ation (Holland et al., 1984) or prim itive equations (Cox, 1985; Boning and
21
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ann
Figure 7: The heat flux H,iet (W  m -2 ) into the ocean th a t drives the subduction of 
fluid into the m ain therm ocline; positive values are associated with subduction and 
negative values w ith entrainm ent. From Marshall et al. (1993).
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Cox, 1988), reproduced all the dynamical regions predicted by the  RY82 and LPS 
analytical models, illustrating, in particular, th e  role of mesoscale eddies in diffusing 
PV. U nventilated subsurface layers in these models are forced by eddy processes. The 
eddy field arises from the combined baroclinic/barotropic instability of an eastward 
je t  formed a t the  subtropical/subpolar gyre boundary and also due to  the  baroclinic 
instability of the  westward return flow (Holland et al., 1984; Cox, 1985). The reversal 
of the  north-south PV  gradient in the la tte r region, the southeastern part of the 
subtropical gyre provides the necessary conditions for baroclinic instability  according 
to  the C harney-S tern  criteria (Cox, 1985). Eddies arising in this region have energy 
an order of m agnitude smaller than in the je t formed a t the subtropical/subpolar gyre 
boundary, bu t they are im portant in a  broader region.
Cox (1985) used a eddy-resolving, prim itive equation model to study the influence 
of mesoscale eddies within the subtropical therm ocline. Patterns of tracer and PV 
along the 26.0 a  surface are shown in Fig. 8 . Figs. 8 a and 8 c correspond to  coarse 
grid case where eddies are not resolved. The tracer age is estim ated from  the decay 
of the value specified a t the surface, and in the absence of mixing measures the tim e 
elapsed since a parcel of water was in contact w ith the surface. Fig. 8 c shows the low 
PV water masses formed at the isopycnal outcrop are advected along the  eastward 
je t to be carried southward and westward by the  interior flow of the subtropical gyre. 
These ventilated waters stand in m arked contrast to  the unventilated (recirculating) 
waters, their high PV due to lateral mixing and bottom  friction (Huang, 1988). In 
a high resolution experim ent (fine grid case), the distinction between these water 
masses was effectively eliminated by strong lateral mixing, forming a homogeneous 
PV mass in the  interior of the thermocline layer (Fig. 8 d).
In the num erical models, the process of PV  homogenization differs from the RY82 
theory in two ways. Firstly, eddies present near the boundaries are found to  be quite 
effective in homogenizing the PV on a much shorter tim e scale than in the RY82
23







Figure 8 : Tracer concentration and potential vorticity evaluated on the a  =  26.0 
surface. Tracer (time-since-ventilation in years, in parentheses) for (a) the coarse 
grid case, (b) the  fine grid case. Potential vorticity in units of 10- 9  m - 1  s- 1  for (c) 
the  coarse grid case, (d) the fine grid case. From Cox (1985).
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theory. Secondly, low PV (homogenized) waters (M cCartney, 1982) formed a t the  
isopycnal outcrops produce local meridional m axim a and m inim a in PV, giving rise to  
eddies. These eddies vigorously mix the subducted low PV waters with the higher PV  
therm ocline waters. Such num erical models expose the lim itations of the  analytical 
theories in including non-linear processes th a t influences the  interior circulation.
M oderate Peclet numbers (3 to  5) found in the  north-east North Atlantic (in 
ventilated layers), in Rhines and Schopp’s (1991) model study make mesoscale eddy 
mixing dom inant, able to  homogenize quasi-conserved properties over 300 to  1000 
km. This study  showed th a t the ratio  of eddy-to-mean kinetic energy increases as one 
moves to  quieter regions of the midocean, dem onstrating th a t eddy mixing cannot be 
neglected there. Similar conclusions follow from the  work by Cox (1985) and Boning 
and Cox (1988). These model studies suggest th a t the non-diffusive approach taken 
in the  LPS class of models m ust be augmented by recognizing potent eddy mixing. 
All num erical modeling efforts on therm ocline ventilation suggest th a t the ocean is 
strongly laterally diffusive, even in regions far from  boundary currents (Rhines, 1993; 
Boning and Cox, 1988). The idea of vigorous eddy mixing is also supported by 
the observed distribution of transient tracers entering from the sea surface (Jenkins, 
1987).
2.4 O bservational studies in the subtropical N orth A tlantic
The northeastern  part of the  subtropical North A tlantic has early been thought to  be 
the seat of water mass subduction (Montgomery, 1938; Iselin, 1939). Ekman pum p­
ing calculations (Leetm aa and Bunker, 1978) and the  pa tte rn  of winter outcropping 
of the isopycnals (Levitus, 1982) also suggest ventilation in this region. Ventilation 
occurs principally in the northwestern portion (i.e., around 40°N, 40° W) of the east­
ern subtropical gyre which is strongly influenced by w intertim e convection (Jenkins, 
1987; Sarm iento et al., 1982). In this region, colder, fresher oxygen-rich waters are
25
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subducted and advected from the northern flank of the Azores Current into the ther­
mocline layers (Kase et al., 1986). Hence, it is essential to  understand the circulation 
and dynam ics of this region to  be tte r model the  therm ocline problem.
2.4.1 Circulation
Observations reveal th a t the eastern North Atlantic region, earlier considered to  be 
part of the  quiescent interior of the wind driven subtropical gyre, also contains jet-like 
flows (Gould, 1985; Kase et a l ,  1986; S tram m a and Siedler, 1988). The circulation 
in th is region is affected by three nam ed currents: the Azores Current, the  Portugal 
C urrent and the North Equatorial Current. The three dynamical scales im portant 
in th is region are: the  scale of mean circulation ( 1 0 0 0  km ), the  scale of m eandering 
flow (500 km) and the scale of mesoscale eddy field (100 km) (Kase et al., 1985) 
(Fig. 9). The circulation pattern  in the  upper therm ocline (200-800 m) of the  eastern 
subtropical North A tlantic starts  with strong eastward flow west of 35° W  and north 
of 29° N, turns southward within 1000 km of the coast, then separates from the coast 
north  of 20° N (Stram m a and Siedler, 1988) (Fig. 10). Drifter studies (Krauss and 
Kase, 1984) suggest th a t the westward return  flow along the 33° W m eridian starts  at 
33° N, somewhat further north than in Fig. 10. In the subsurface layers, westward 
outflow occurs a t a higher latitude than  in the surface layer (0-200 m) (Stram m a, 
1984). Kase et al. (1986) docum ented the recirculation of the  subtropical gyre east 
of the M adeira Islands, a t 560 m  i.e., w ithin the therm ocline (Fig. 11). The turning 
part of the gyre near the coast is found to have a larger east-west and a smaller 
north-south extension in summ er than  in winter and its center shifts by 2 ° latitude 
to the south in summ er (S tram m a and Siedler, 1988). In the northern part of this 
region, Kase et al. (1986), described a convoluted current system dom inated by the 
tim e-dependent m eandering of the eastward flowing Azores Current (AC) and the 
form ation of mesoscale eddies in the recirculating region.
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Figure 9: Dynamic topography relative to the 1500 dbar. From Ka.se et al. (1985).
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Figure 10: Annual integrated volume tran sp o rt (200 to 800 m ) from mean density 
profiles. Contour intervals represent 0.5 x  10° m 3 s-1 . From S tram m a and Siedler 
(1988).
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Figure 1 1 : Large-scale tem perature distribution at 560 m depth. NACW  and SACW 
denote North A tlantic Central W ater and South A tlantic C entral W ater, respectively. 
From Kase ct al. (19S6).
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In the literature , the AC is generally considered to  be the  southeastward branch 
of the  Gulf Stream  continuation, east of the splitting region near 40°N, 40°W (Kase 
et al., 1986; Krauss, 1986). After crossing the  M id-Atlantic Ridge AC is looked upon 
as the  northern boundary of the  subtropical gyre (Gould, 1985; Kase et al., 1985). 
This strong narrow current, enters the region south of the  Azores between 33°20/ and 
35° N, and flows southeastward past the Azores (S tram m a, 1984). Kase and Siedler 
(1982) found th is current a t  the  depth of 1000 m. Evidence for strong eastward now 
in this region is also found in some early papers (e.g., Jacobsen, 1929; Stommel et 
al., 1978). The AC transports approxim ately 10 Sv (1  Sv =  106 m 3s~l ) eastward 
across 35°W, between 30°N and 40°N (Kase and Siedler, 1982; Gould, 1985; Kase et 
al., 1986). This estim ated to ta l volume transport in the Azores front is half of th a t 
reported by M ann (1972) for the  southern branch of the Gulf Stream  extension and 
by Joyce (1981) for the circulation around the Azores plateau.
Gould (1985) reported the existence of a perm anent front southwest of the  Azores 
associated w ith the AC. Kase and Siedler (1982) considered th is je t or front to  be an 
integral part of the North A tlantic gyre circulation. The wind stress curl, surface heat 
flux changes and volume transport changes in th is region provide conditions th a t are 
favourable to the formation of the  oceanic fronts (Siedler et al., 1985). They reported 
near surface velocities in the  front of the order of 0 .2  m s-1 . Surface speeds measured 
(from buoy data) by Gould (1985) in this frontal area are around 0.4 m s- 1  (in early 
June), whereas Schmitz et al. (1988) measured 0.15 m s - 1  from the current m eter 
and float da ta  in the upper therm ocline at 32°N and 24° W. T he geostrophic velocities 
are of the order 0 .1  m s-1  in the  eastward and westward re tu rn  flow, increasing to 
0.25 m s-1  in the meandering region (Kase et al., 1985). T he frontal width observed 
is of the order of 60 km increasing to 100 km in some regions (Kase et al., 1985). 
T he northern boundary of the  front is the surface outcrop of the  26.5 <r$ contour in 
late winter. The orientation of the front is NW-SE, m eandering predom inantly in the
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north-south direction (Gould, 1985). A synoptic survey by Kase et a l ,  (1985) in this 
region indicates (Fig. 9) th a t there are two dom inant wavelengths, one a t 570 km 
associated with the m eandering of the  AC and the other a t 200 km  associated with 
the  mesoscale eddy field superimposed on the meandering jet.
2.4.2 Estimated ventilation rates
In the  /? triangle area centered around 27° N, 32°30/ W , Jenkins (1987) estim ated the 
along-isopycnal subduction velocity of 1.6 x 10- 3  m s-1 . This area in the eastern 
subtropical Atlantic is a region of low eddy activity with a mean meriodional flow 
(Behringer and Stomm el, 1980). It was studied earlier (Armi and Stomm el, 1983) to 
apply the beta  spiral as a diagnostic tool to determ ine absolute geostrophic velocity. 
The estim ated along-isopycnal velocities in this region are comparable to  the mean 
geostrophic velocities. The Ekman pum ping estim ates from Leetm aa and Bunker 
(1978) da ta  give along-isopycnal velocities of the order 1.0 x 10- 3  m s- 1  here. But at 
40° — 43°N ,  Saunders (1982) estim ated a southward velocity of 3.0 x 1 0 “ 3 m s_1 to 
5.0 x 10“ 3 m s-1 . From the numerical model studies, Spall (1990) estim ated vertical 
subduction velocity to  be of the order of 1.25 x 10- 6  m s-1  over m ost of the  eastern 
N orth A tlantic except along the AC and the meandering Portugal current where it 
is as large as 3.0 x 1 0 - 6  m s_1 compared to the downward Ekman pum ping rate of 
0.85 x 10" 6 m s - 1.
2.4.3 Eddies
The eastern North A tlantic is a region of low eddy activity (Dantzler, 1977; W yrtki et 
al., 1976; Emery, 1983). The eddies and meanders often dom inate the hydrographic 
struc tu re  in this region (Krauss and Kase, 1984). In Central A tlantic eddies, vertical 
displacem ents of the isotherms are of the order of ±  150 m (Krauss and Meincke, 
1982). Compared to  the  mean slopes of the isopycnals, related to m ean currents,
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fluctuating slopes w ith scales around 1 0 0 - 2 0 0  km are much stronger signals in this 
region (Krauss and Kase, 1984).
The average eddy kinetic energy in the eastern North A tlantic (for fluctuations 
w ith periods of more than two days), calculated from the hydrographic data  of Kase 
et al. (1985) is around 0.15 m 2 s-2 . From drifter studies, however, Krauss and Kase 
(1984) estim ated eddy kinetic energy to  be between 0.01 to  0.02 m 2 s-2 . Although 
eddy kinetic energy in this region is a  order of m agnitude sm aller than  in the Gulf 
Stream  (Emery, 1983), it is much larger than  the mean flow kinetic energy. The 
eddies are derived from the large-scale circulation, and are not due to  fluctuating 
winds or to the  influence of the M id-Atlantic Ridge (Krauss and Meincke, 1982; Kase 
et al., 1986). The area southwest of the Azores is high in mesoscale activity and it 
is a  likely source of eddies propagating to the  western basin of the North Atlantic 
(Gould, 1985). The mesoscale eddy field in this region is dom inated by the AC 
which undergoes large am plitude North-South meandering (Kase et al., 1985) with 
ocassional eddy detachm ent (Kase et al., 1986). The eddy kinetic energy is largest in 
the region where the AC turns south and in the  westward flowing recirculation region 
(Krauss and Kase, 1984).
Cyclonic, cold core eddies form in the Azores frontal area adjacent to  the meanders 
of the AC (Gould, 1985). These eddies, originally 100-115 km in diam eter, propagate 
to the west a t a rate  close to 2.2 km day- 1  over a  200 day period. However, they 
do not cross the m id-Atlantic ridge. The core of the eddies reta in  the properties of 
the northern water mass and propagate westward into the 18° water mass. Kase et 
al., (1985), found the dom inant scale for mesoscale eddies to  be 100 km, whereas 
salinity, oxygen, he lium -tritium  age maps of Joyce and Jenkins (1993), show scales 
around 160 km. The eddies are to  be generated where surface flows interact with 
complex bottom  topography (Stram m a, 1984) or shear flows are strong (W yrtki et 
al., 1976). The transfer of energy is from the mean field to  the eddy field. Two
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dom inant periods of 138 days and 60 days found by Kase et al. (1985), are associated 
w ith period of the meandering patterns and w ith the mesoscale eddies. From eddy 
kinetic energy and potential energy calculations, they estim ated a  tim e scale of 19 
days for the fluctuations to grow from zero to  their average energy level.
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3 Physics of vorticity input
As mentioned in the background chapter, isopycnic layers of the  main oceanic ther­
mocline outcrop at mid to  high latitudes. Outcropping of isopycnals here refers to 
the  location where the isopycnal intersects the  base of the  m ixed layer. Surface pro­
cesses are known to be influential in setting the tem pera tu re  and salinity structure  
of the interior layers (Iselin, 1939). Analogus to tem pera tu re  and salinity, PV is also 
a conserved quantity  in the interior, while at the surface, friction and density change 
play the role of PV “sources or sinks” . Thus, surface heating or cooling, evaporation 
or precipitation, mixing near the surface determ ine the PV  distribution in outcrop­
ping isopycnic layers. Because PV  is a dynamical quantity, its distribution is a  clue 
to  circulation within the isopycnic layers. One may then surm ise, th a t surface pro­
cesses a t the layer outcrops drive a  system of therm ocline circulation, in addition to 
determ ining TS characteristics.
Conventional modelling either forces the subsurface layers indirectly with the  wind 
stress curl applied to  the surface layer (Holland et al., 1984; Cox, 1985) or prescribe 
diapycnal (cross-isopycnal mass) fluxes supposedly by representing heating or cooling 
(Pedlosky, 1986; Luyten and Stommel, 1986; Cushman-Roisin, 1987a). Differing from 
conventional theory, Marshall and Nurser (1992) treated  in some detail the problem 
of therm ocline circulation forced by surface PV input. Their approach supposes 
stationary isopycnal surfaces and surface outcrops. Here, w ith some idealizations, a 
m athem atical expression for the  surface PV flux is derived for the unsteady problem, 
allowing for the  seasonal m igration of isopycnals as well as their meanders and other 
expressions of geostrophic turbulence, following Csanady and V ittal (1995).
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3.1 M igration o f surface isopycnals
A t their surface outcrop in the northern N orth Atlantic, isopycnal surfaces are 
nearly vertical in the  mixed layer. Although there is significant positive or nega­
tive heat flux (depending on the  season), m ixing is vigorous enough to  keep vertical 
density gradients small. Surface heating and cooling gives rise to  large meridional 
displacem ents of isopycnal outcrops. In the northern hemisphere they are northward 
in th e  spring and southward in the fall. Observations show th a t, on average, the 
isopycnals move some 1 0 0 0  km over a period of th ree to  four m onths, thus advecting 
at a m ean speed of the order of 0 .1  m s_1.
The surface density will be represented here by density anomaly, 9 =  1—p /p 0 (p0 is 
a reference density). It is a  function of x, y  and t where x  is the zonal coordinate, y is 
the m eridional coordinate and t is the tim e. In the eastern North A tlantic, a  prototype 
location for the present study, the outcrop positions make a smaller angle with the 
zonal direction than  with the meridional direction. To focus on isopycnic layers, 
we introduce isopycnic coordinates at the sea surface, replacing the  ^coord inate  by 
density anomaly 9. Thus, for a fixed 9, the surface outcrop of an isopycnal surface is 
the locus y = Y ( x ,9 , t ) .  Hence, 0(x, y, t)  =  0(x, Y[x, 9, t], t). In the transform ed 
coordinates the following identities for the derivatives hold (Csanady, 1990):
89_ 86_8Y_ _  Q
dx ^  dy dx
89 80 8 Y _
dt dy dt
89_8Y _  . 
dy 89
T he to ta l derivative of the density anomaly now becomes:
• d9 89 89 89 89 , d Y .
~  dt ~  d t + U 8 x + V 8 y ~  dy  ^  dt  ̂  ̂ *
where d Y /d t  = d Y jd t  +  u d Y /d x .  The bracketed term  (u — d Y /d t)  is th e  surface
diapycnal velocity, or the velocity relative to  a  (possibly moving) isopycnal, sim ilar to
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entrainm ent velocity. The tim e derivative (d Y /d t ) accounts for seasonal changes as 
well as the effects of geostrophic turbulence. Mechanical and convective turbulence 
gives rise to  Reynolds fluxes of heat and salt. The divergence of these fluxes and of 
the  radiant heat flux determines the density tendency 6.
3.2 P V  flux at surface outcrop
Conservation of potential vorticity can be expressed in the following “flux” form 
(Haynes and M cIntyre, 1987; M arshall and Nurser, 1992):
f^ + v - j = 0  (3.2)
with the definitions:
q = V0 • ( /*  +  « )  
f t  =  V  x  u  
J  =  u <7 +  V 0 x F  +  (/jfc +  f t ) ^
a t
where q is PV, /  Coriolis param eter, u  velocity vector, k vertical unit vector and f t 
is the relative vorticity. J is PV flux vector, containing the advective flux u <7 and 
contributions from the non-conservative force vector F  (in kinem atic units, i . e .  di­
vided by reference density) and from the density tendency 6. The following discussion 
concentrates on the magnitude and properties of the PV flux vector on an isopycnal 
surface, at and near the intersection of such a surface with the free surface. The 
PV flux out of the  ocean is given by the vertical component of J at the free surface. 
There, advective flux vanishing, only friction and density tendency fluxes contribute 
to the  J vector a t the surface. The force vector F  is taken to be the vertical wind 
shear stress a t the  surface:
where t x , t v  are Reynolds stress components in the horizontal plane and i  and j  are 
unit vectors along x and y. The vertical component of the PV  flux is then, from
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equation 3.2:
t  h -  < H f 4 - n ± dedTy dedTx
where (  =  d v /d x  — du /d y .  Transforming to horizontal isopycnic coordinates using 
equation 3.1, this becomes:
T I I f - u n 90! i Y \ M 9 Y 9 t > « * « r .
Considering the  first order balance term s, the equations of motion in the  surface 
layer are:
. .  .. .511 5u . 5 rx
- v { f  + 0  =  - { f c  + d i ) + J 7  (3'4)
, ,  .511 dv d ry
" ( /  + c ) - " ( a ? + a?) + a7
where n  =  p  +  (u2 +  v2)/2 , is the “to ta l” pressure. The m om entum  diffusion in the 
surface layer is neglected as it is a process of second order im portance, a t the  scales 
of the present study. Substituting the  above expressions (Eq. 3.4) into equation 3.3, 
PV flux across the free surface is:
_ f , ,  d O d Y  ,511 dv^d9  ,511 5 u ,5 0
, -t=(/+c)%ar- (^ +¥ W +(& + ar)s  ( 3 ' 5 )
T he last two term s make up the vector product of pressure gradient-plus-accele- 
ration and density gradient. If one considers these term s to  vanish, then PV flux across 
the  surface is only due to the result of isopycnal movement. Under such conditions, 
the  PV  flux across the surface can be positive only if d Y / d t  is negative, because 
dd / dy  is always negative. Hence, the  regions where there is cooling or evaporation 
(for d Y /d t  to be negative), the PV flux across the  surface is positive i.e. out of 
the ocean. Positive J  • k means upward flux of positive PV  at the surface, which is 
equivalent to  downward flux of negative PV. However, the two term s vanish only when 
the two vectors are parallel i.e. when the local acceleration vanishes in addition to 
the  pressure being constant along isopycnal outcrops. Such a  situation of the pressure
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being constant along isopycnal outcrops might arise when the surface forcing dictates 
the  m ere translation of the  isopycnals.
However, the  above expression (Eq. 3.5) can be further reduced if the  coordi­
nate system  is tu rned  locally into the  along-isopycnal (s, nearly eastw ard) and cross- 
isopycnal (n, nearly northw ard) directions. The vector product becomes —(dU /ds  + 
dv3/d t )  dO/dn, where v, is the along-isopycnal velocity component. Replacing also 
d Y / d t  by d N /d t ,  the  ra te  of displacement of the  isopycnal in the norm al direction, 
the  incoming PV flux is:
t  i dO t / r  ,d H  dv3
d ^ ^ f  + ^ ~ d t ~ ^ ' d 7 ' i' ~ d t ^  ( ^
The Eq. 3.6 can also be interpreted in term s of the heating or cooling caused by 
the therm al fluxes. In a  steady state  situation, the J  • k reduces to:
which is equivalent to
J ■k = ( f  + Q v g - V 9  (3.8)
where vg is the geostrophic velocity. The above expression for PV  flux is similar 
to  the MN92 relation, where vg • V0 represents the geostrophic heating or cooling 
defined in their study. Or in other words, the to tal pressure gradient accounts for the 
geostrophic heating or cooling.
3.3 Handover o f P V  transport
How does an isopycnic layer cope with surface input of PV? To explain th e  underlying 
physics, the outcrop region of an isopycnic layer is idealized as illustrated in Fig. 12.
T he figure portrays two adjacent isopycnal surfaces in a  vertical section norm al to the
surface outcrop, intersecting the free surface a t right angles. The m eridional distance 
between the outcropping isopycnals is relatively large, creating a broad surface “foot­
p rin t” of size SO dN/dO.  The mixed layer portion joins the interior portion of the
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layer a t a  “handover section” , where density tendency and non-conservative force are 
negligible. Here the  isopycnals are nearly horizontal and much closer together, sepa­
rated  by 66 dz/dO. As the surface outcrop moves, the interior portion gets stretched 
or squashed: the cross-hatched piece of length St d N / d t  is removed or formed in tim e 
St.
A control volume approach elucidates the budget of PV flux. The control volume 
chosen here is enclosed by the two isopycnals shown in Fig. 12, the  free surface and 
the handover section, and two vertical planes normal to the outcrop, 6s apart, being 
the front and back “faces” of the control volume. PV fluxes in and out of the control 
volume are: J  • k across the free surface (Eq. 3.6), J  • n =  vn ( /  +  £) dOfdz  across 
the handover section, J  • s =  v„q across the  faces, with s and h  unit vectors and 
the va and vn velocity components along s and n. By virtue of the impermeability 
theorem  (Haynes and M cIntyre, 1990), there is no flux across the isopycnal surfaces. 
According to Eq. 3.2, the integral of d q /d t  over the  control volume equals the surface 
integral of the  inward PV  fluxes.
The definition of PV in Eq. 3.2 show th a t q vanishes a t the surface and over 
the mixed layer, and so does its tim e derivative. This holds over most of the control 
volume, except in a  th in  portion a t the  base where the isopycnal 6 -\- 66 turns quasi­
horizontal, setting up the  stratification. However, the contribution of th a t portion 
to the integral balance of PV is a second order quantity. The prim ary contribution 
to q is from the volume change due to  stretching or squashing of the isopycnic layer 
interior, implying PV  gain or loss th a t m ust be added to  the surface integral of the 
inward fluxes. A sim ilar volume change contribution would have to be taken into 
account if the mixed layer base moved rapidly upward or downward.
PV  transports (flux tim es surface area) out of the control volume are therefore:
» d N
sur face  : —J  • k 666s
handover section : — J  • n  ^  666s
86
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6
Handover" Section
Figure 12: Sketch shows an isopycnal layer outcropping at the sea surface with the 
“handover section” a short distance from the outcrop position. This is where we 
advocate the  PV flux to be injected into the ocean interior.
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d N
volume change : ( /  +  ( )  606s
The sum of these term s m ust add up to zero. As the handover section is assumed 
to  be at a short distance from the outcrop position, the absolute vorticity at the 
handover section is, to first order, the same as a t mixed layer base, i.e., as a t the 
surface. W ith q vanishing over the mixed layer, the  divergence of PV transport across 
the faces can be approxim ated as:
^  W s ! ^ + ^ v3 dn
Diagnostic estim ates put this term  to the order of 10- 8  which is two orders of magni­
tude smaller th a t the  other ones. Therefore, neglecting the  divergence of PV  transport 
across the faces and substituting the previous expressions for the fluxes, the  term s 
containing d N / d t  cancel out. The remaining balance of PV transport, expressed in 
(s , n ) coordinates, is:
311 dv, . .  ,
(“ )
where vn is the  velocity component normal to the surface outcrop at the handover 
section. The right hand side is the PV transport per unit along-isopycnal length 
out of the interior of the isopycnic layer. The velocity vn can be viewed as a quasi­
horizontal version of the subduction velocity. The above relation is similar to  Marshall 
and Nurser’s (1992) relationship between subduction velocity and “net” heat gain 
(Eq. 2.3). On account of their steady state  assum ption, the local acceleration does 
not appear in Marshall and Nurser’s formula which might play an im portant role in 
unstable m eanders of a frontal current.
In the steady state, the above expression 3.9 reduces to:
d ^ / d s  , o i n .
' ’" " ( / + < )  13 0)
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The equivalent form of the  Eq. 3.10, in term s of the vertical subduction velocity (S )
is:
an/a. ( f + Q y , § ,  (/ + CK-V0 , , , , ,  
( / + C ) l l f  ( / + ( ) !  P i  '■ '
which is exactly  similar to  the MN92 relationship for the  subduction velocity, where 
q is the PV  as defined in Eq. 2.3.
In their study, the “n e t” heat gain is required to  support geostrophic flow across
stationary isopycnal outcrops. In Eq. 3.9 however, the contribution to PV transport 
from the density tendency term  or the density gradient is absent, m aking the in tro­
duction of net heat gain artificial. The pressure gradient term  in Eq. 3.9, accounts for 
the geostrophic heating described in MN92 study. The im portant new point about 
Eq. 3.9, is th a t such a relationship applies regardless of the seasonal m igration of
isopycnals. PV  input to  an isopycnal layer due to  surface heat fluxes reflect in the
mean pressure gradient, and is not tied to  a  specific rate  of heating required to hold 
an isopycnal in a  fixed position: isopycnals move if the heat flux so decrees.
3.4 G eostrophic turbulence
Consider now the case of outcropping isopycnic layers under the influence of geostrophic 
turbulence. Statistically steady state will be assumed, except for the slow seasonal 
change m entioned before. The effects of any geostrophic turbulence are averaged out 
over a period much shorter than the slow seasonal tim e scale, bu t longer than  the 
lifetime of any eddies. Also, velocity change on the seasonal tim e scale is neglected. 
Averaging yields the m ean PV transport into an isopycnic layer: (again per unit 
along-outcrop length)
^  =  ( /  +  C K + < C  (3.12)
The new term  is the Reynolds flux of vorticity resulting from geostrophic turbulence. 
While the to ta l pressure gradient along the isopycnal outcrop is PV source term , 
advection by mean flow (subduction, converted to flow along isopycnal surfaces) and
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Reynolds flux of vorticity are the m eans of conveying PV into the  interior of isopycnic 
layers.
The result here is analogous to the  boundary condition derived by Csanady and 
Pelegri (1995) a t the footprint of an isopycnic layer over a continental slope. In 
th a t study, shear stress force in the bo ttom  boundary layer is the source of PV. PV  
transport by geostrophic turbulence balances the  alongstream  pressure gradient ju st 
outside the boundary layer where advective cross-stream transport is prevented by 
the  solid boundary. Offshore from this handover section, cross-stream transport of PV  
diminishes, its divergence balancing streamwise PV  change in the boundary current. 
A sim ilar situation may prevail in a  surface current flowing along isopycnal outcrops, 
such as the  Azores current.
3.5 A pplication to  the eastern N orth  A tlantic
The above described theory is applied to  the  eastern North Atlantic region where the 
isopycnals of the upper therm ocline outcrop. This coincides with the Azores frontal 
area where the frontal dynamics favour the ventilation of the interior layers. As 
described in the background chapter, the  eastward flowing Azores Current moves with 
surface velocities of the order of 20 cm  s- 1  and transports 10 Sv. The observations 
show a  strong m eandering pattern  in the  eastward je t while the westward return  flow is 
associated with eddies moving towards the  western boundary. Also the current region 
observed in this region is characterized by geostrophic turbulence of considerable 
m agnitude (Kase et ai, 1985).
The PV influx into the  interior is dependent on the to tal pressure gradient along 
isopycnal outcrop (Eq. 3.12). A rough estim ate of the mean pressure gradient can 
be obtained by calculating the variation of mixed layer depth along the outcropped 
isopycnal. The w inter mixed layer depth varies about 100 m over a distance of 1000 
km  in the  latitudinal direction along the  isopycnal surface outcrop (M arshall et a l ,
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1993; McDowell et al., 1982), setting up a m ean pressure gradient of the order of 10-6 
m s-2 .
Also the m ean cross-isopycnal velocity vn (in Eq. 3.6) observed in this area is 
negative (Arm i and Stommel, 1983; Saunders, 1982; Pollard and Pu, 1985). Jenkins 
(1987) estim ated  the meridional m ean tracer transport to be 1 x 10-3 m s-1 . The 
Ekman pum ping estim ates from Leetm aa and Bunker (1978) da ta  give isopycnic 
velocities of th e  order of 1 x 10-3 m s-1 .
The influence of the PV source term  in generating the interior circulation is tested  
using a constant layer depth model. The model description and the numerical tech­
niques used are discussed in the following chapter.
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4 Constant layer depth model
Equation 3.6 derived in the previous chapter, based on the principle of conser­
vation of PV , quantifies mean PV transport into an outcropped isopycnal a t the 
handover section. According to the im perm eability theorem  (HM), the  distribution 
of PV  in the interior of an isopycnic layer is subject to  a  conservation law accounting 
for its advection and diffusion. The pattern  of circulation to which the  PV distribu­
tion gives rise depends on the isopycnic layer depth, the  distribution of which cannot 
be determ ined for a  single layer in isolation. The tim e averaged m ean distribution of 
potential density surfaces (Levitus, 1982) suggests, however, that the m ean isopycnic 
layer thickness is almost uniform over the subtropical region, at least within a short 
distance from their outcrop position. Therefore, a simple constant layer-depth model 
m ay not give an entirely unrealistic qualitative idea of such a boundary driven circu­
lation. PV  changes in such a model appear in relative vorticity: in reality some of 
th a t change may occur as an adjustm ent of the layer depth. This would reduce the 
intensity, but increase the width of any jet-like currents. The constant layer depth 
model is akin to barotropic models of wind-driven circulation in a  deep surface layer 
such as Munk (1950) or Cessi et al, (1987), and shares their shortcomings, but also 
their m ain advantage: simplicity.
4.1 M odel physics
To analyse the consequences of surface PV input discussed in the previous chapter, 
a barotropic, constant layer depth model is used with rectangular basin geometry, 
of dimensions 2000 km by 1000 km. A /9-plane is assumed, with rigid lid and floor,
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impermeable to PV.
The northern boundary of the model represents the outcrop position (or rather, 
the handover section in Fig. 3.1), through which the PV flux enters the domain. The 
model is hence forced on the northern boundary by prescribing quantitatively the net 
PV flux at the  handover section. This m ethod of forcing is so different from Ekman 
pum ping th a t its results cannot be foreseen from classical circulation theories. The 
PV  flux condition applied at the northern boundary, derived in chapter 3 (Eq. 3.5), 
is:
5 1 1  . .    —r-r-
=  ( f  + C W  + K C
PV being a conserved quantity  in the interior, the Reynolds flux term  (v^CO can 
be param eterized in term s of a mean PV  gradient flux, analogous to  the G. I. Taylor’s 
mixing length argum ent for the turbulen t boundary layer (1915, cited in Goldstein, 
1938). If local fluctuations of PV on an isopycnic surface occur on account of a mean 
PV gradient (d ( / d n ), then the Reynolds flux term  is of m agnitude I' d ( / d n ,  where /' 
is the random  displacement of the parcel in the cross isopycnal direction. Therefore, 
the Reynolds flux of vorticity is:
W  = - A f n  (4 ' 1)
where A  =  v'nV is an eddy mixing coefficient. In case of unrestricted motion on the 
isopycnal surfaces, the mixing coefficient (A) behaves more as in a free turbulent flow 
than in a wall layer (Csanady and Pelegri, 1995). Hence, the horizontal variation of 
A  is neglected at the  handover section and is assumed constant in the present study.
Substitu ting for the  Reynolds flux term , the northern boundary condition then 
reduces to:
< 4 -2 >
The above expression shows th a t the vorticity diffusion a t the boundary is the 
net result of the along-isopycnal pressure gradient a t the outcrop and the advective
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flux carried down into the interior by the subducting water mass. This la tte r term  
is referred to  as subduction in the  present study. In the absence of subduction, the 
pressure gradient a t the surface outcrop alone determines the PV  flux.
To qualitatively represent the process of subduction occurring in the subtropical 
eastern N orth A tlantic (Sarmiento et al., 1982; Pollard and Pu, 1985; Jenkins, 1987), 
the mass inflow is assumed and prescribed over 1200 km on the eastern portion of 
the northern boundary, for the model runs th a t account for subduction. Most of 
the subducted water mass upwells out of the  isopycnic layer near the north-western 
corner. Hence, for convenience, the mass outflow is prescribed over the rest of the 
northern boundary so as to balance the assumed mass influx. For simplicity, the 
following form of the meridional velocity distribution is assumed on the northern 
boundary:
vn( x ) =  v0 sin[irx/a] for x  <  a (4.3)
vn(x) =  —V{ sin[w(L — x ) / ( L  — a)] for a < x  <  L
where, a is the  extent over which the  outflow occurs (800 km) and L is the  basin 
dimension in east-west direction, u,- and v0 are the am plitudes of the inflow and 
outflow sinusodial profiles, u,- is the  m axim um  prescribed subduction velocity and v0 
is chosen so as to  satisfy the mass balance.
In the rectangular domain the s and n  directions are replaced by the x and y 
directions, the  quasi-isopycnic velocities v,  and vn by u and v  velocities.
4.2 Governing equations
The isopycnic PV transport and diffusion equation is: 
dq dq dq A, d 2q d2q.
l T t + u l h + v f y ~  ^
where q is PV  defined as ( /  +  Q / h ,  A  is the  diffusion coefficient, /  is the planetary
vorticity, (  is the vertical component of the relative vorticity and h = dzjdO  is
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layer depth  or the Jacobian of transform ation from vertical to  isopycnic coordinates. 
Relative vorticity
r  _ d y _ _ d u
^ 8x  8y  * *
is considered to  be of the  same order as the planetary vorticity and u and v are the 
along isopycnal velocities. The viscous diffusion term  ( A V 2q) accounts for the eddy 
flux of PV. Under the constant layer depth assumption and the /3-plane approxima­
tion, f  = f 0 +  /3y, Eq. 4.4 reduces to:
d(, d (  d (  A, d 2(  d 2(
¥  +  “ & + , ’^  +  ,J' ’ =  '4<S 5  +  V ) <46)
Also the equation of continuity with no diapycnal velocity is:
V  • u  =  0 (4.7)
T he flow field can thus be represented by a streamfunction ip, such th a t v = dip/dx,  
u =  —dip/dy.  Substituting for v  and u  in Eq. 4.6, gives
di + aid£_d±s(+ljdi = AM + s \) (48)
dt  dx  dy dy d x  dx  d x 2 d y 2
W hen u and v are substituted in the  definition of ( ,  an elliptic Poisson’s equation 
results for the streamfunction:
V V  =  C (4.9)
Solving for ip and £ from the last two equations, with appropriate boundary con­
ditions, yields the flow and vorticity fields in a constant depth isopycnic layer.
Boundary conditions are: ip =  0 along the eastern, southern and western bound­
aries, on the northern boundary either ip =  0 or the integrated values from the above 
velocity distribution (Eq. 4.3). Vorticity flux is prescribed along the  northern bound­
ary (Eq. 4.2), free slip on the southern boundary, no slip on the  western boundary, 
free slip or no slip (in different experim ents) on the eastern boundary.
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4.3 N um erical m ethods
The vorticity transport equation (Eq. 4.8) is integrated using centered finite 
differences for the  spatial derivatives and leapfrog differences for time derivatives. 
This m ethod is second order accurate in space and tim e and is a one-step, explicit, 
three tim e level scheme. It requires the values for ip and (  a t (n) and (n-1) tim e levels 
to calculate their new values a t the  (n+1) tim e level. For numerical stability, the 
advective term s are evaluated at the  middle (n) level and friction terms at the (n-1) 
tim e level (Roache, 1976). This means that friction lags by a  tim e step. The stencil 
for the explicit form of Eq. 4.8 is:
© • ' - c r  . . .  n „ - e , , . ft-,:,-+ cf-t,- + ciy+i+ crji-  
^  q ,j  -  p  2Al + A ^
(4.10)
where J(ip,()  >s the Jacobian containing non-linear term s, A x  is the grid spacing in 
x  and y directions. Subscripts (i, j) refers to  indices on numerical grid in x  and y
directions, whereas superscripts (n ) refer to tim e levels. J(ip,()  is defined as:
1 1 1  ( a  i d
d x d y  d y d x   ̂ ^
and is evaluated following Arakawa (1966), according to the  formula:
1 0  d  d  0
=  g [(p *?y  -  Py<lx) +  ( f y i l P * )  -  f a f o P v W  +  ( f a t o v )  -
where the subscripts here denote the  gradients. The above formulation of the  non­
linear term s eliminates non-linear instability as well as spurious transfer of energy 
to short waves (Kowalik and M urthy, 1993). Furtherm ore, it conserves both average 
enstrophy (half the vorticity squared) and mean kinetic energy (Arakawa, 1966).
Solution of Poisson’s equation poses a boundary value problem which in the 
present study is solved using Dirichlet boundary conditions (ip prescribed). The 
discretized form of Poisson’s equation, using a second-order difference is:
ipi+i,j +  V >,-u -  2 ipjj , ipiij+1 +  iph]- i  -  2 ipitj ,
A x 2 + A x 2 [ ’
49
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For a  rectangular domain (the case here), the above discretized form reduces to  a 
system of simultaneous linear algebraic equations.
Direct elliptic solver subroutines from the FISHPAK package (available in the 
public domain from NCAR) are used to solve Poisson’s equation. The subroutines 
take a five point finite difference approximation to  Poisson’s equation in Cartesian 
coordinates, and incorporate the boundary data , thus forming a linear system  of 
equations. This system  of equations is then solved by a cyclic reduction algorithm .
4.3.1 Numerical boundary conditions
On the northern boundary, the  PV flux condition (Eq. 4.2) is specified as:
A  C W 2 A | =  l r +  ( /  +  C w ‘ 2 f a ~‘ ) " ( l )  (4 ' 13)
The above form is reduced to  an explicit expression in (;,j+ i, which is outside the 
model domain. C«',j+i is evaluated at each tim estep using the new values, so as 
m aintain the diffusive PV flux constant across the  boundary.
Along the western boundary a no-slip condition is imposed, which approxim ately 
represents the effect of contact with the continental slope (discussed in detail by 
Csanady and Pelegri, 1995). Along the eastern boundary both the  free-slip and no­
slip conditions are examined, the former representing an upwelled isopycnic layer. 
Along the southern boundary the free slip condition is always used.
The no-slip condition is that the  tangential velocity is equal to  zero on the bound­
ary. Vorticity (  is then produced at no-slip boundaries. From a  Taylor series, the 
first order approxim ation to  such a  wall generated vorticity ((w) is:
<» =  2(^ 7  M  (4.14)
where (iu +  1) is the adjacent grid point to the wall in the  interior. T he wall vorticity is 
an extrem ely im portant quantity, because the vorticity transport equation (Eq. 4.8) 
merely determines how £ is advected and diffused, conserving to ta l £ at the interior
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points. It is the  diffusion and subsequent advection of this wall-produced vorticity 
which actually drives much of the  circulation (Roache, 1976) in addition to, of course, 
the  vorticity input a t the northern boundary. In case of a  free slip wall, there is no 
wall stress which would take m om entum  out of the flow. The velocity gradient normal 
to the wall, d v / d n  and the wall vorticity in this case are zero (Roache, 1976).
For solving Poisson’s equation, xj) values are specified on all boundaries. No nor­
mal flow conditions on the eastern, southern, western boundaries im ply a constant 
stream function on the boundary. On the northern boundary the  stream function is 
either zero (no norm al flow) or calculated from the velocity d istribution specified in 
section 4.1 for cases where subduction is accounted. Integrating the  velocity profile 
along the northern  boundary yields the following distribution for xj;:
xj)(x) =  ci — cos(——) for x  < a (4.15)
7r a
, ,  \ vAL — a) , n ( L  — x) .  , _ r
xj>(x) — c2 -j---------------- c o s (~77------ r )  for a < x  < L
7r [L — a)
where c\ =  v0a/ir, c2 =  2 v0a/ir -f u,(L — a)/w.
The flux boundary condition (Eq. 4.13) was implem ented using pseudo-boundary 
points or ghost points (Roache, 1976). The xj) and £ values a t these ghost points do not 
play a role in calculating the interior quantities, and are used only in th e  evaluation of 
xj) and £ on the boundary. These fictitious points allow the same com puting algorithm 
to be used for the  points on the boundary as for the  points in the  interior. At the 
ghost points, the  values of xj) and (  are calculated so as to satisfy the above described 
boundary conditions. Thus, for a free slip boundary condition the vorticity a t the 
ghost point is equal to  that of its m irror reflection counterpart inside the boundary. 
For a no-slip condition, the tangential velocity outside the boundary is set equal, but 
opposite in sign, to  th a t inside the boundary. In th is manner, the  values of xj) and 
(  are ex trapolated  from known interior values a t every tim e step, to  be used at the 
following tim e step.
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4.3.2 Choice of parameters
The values used for A , V i , W R / d x  are taken from the  observational estim ates in the  
subtropical North A tlantic.
Observational studies (Armi and Stommel, 1983; Jenkins, 1987) estim ated isopyc­
nic diffusivity values, in the  interior regions of the eastern subtropical North A tlantic 
(in th e  be ta  triangle area), around 500 m 2 s-1 on the  26.5 <r$ surface. At higher la t­
itudes, where the upper therm ocline isopycnals outcrop, the values should be higher 
still. To also facilitate the  use of a longer tim e step (to avoid numerical instability), 
we choose 1000 m 2 s-1 for A,  a  value th a t has been used in other model studies (e.g., 
Musgrave, 1990).
Geostrophic velocities observed in the subtropical North A tlantic (around 40° 
N) show th a t the to ta l pressure generally rises toward the east. Such a positive 
pressure gradient forces the interior with negative PV  flux. As explained in section 
3.5, diagnostically estim ated value of 10“6 m s-2 for the pressure gradient is chosen 
for m ost of the model runs.
The choice of subduction velocity is based on some observational estim ates in 
the eastern North A tlantic, where the ventilation of the  interior therm ocline occurs. 
Based on the along isopycnal velocity estim ates of Saunders (1982), Pollard and Pu 
(1985) and Jenkins (1987) in this region, the inflow velocity v, in the present study is 
chosen to  be 5 x 10-3 m s-1 . Kase et al. (1989) also used similar values for modeling 
the recirculation in the eastern North Atlantic.
Because this is a boundary forced problem, it is necessary to resolve the boundary 
layer. The choice of grid spacing (A x), in general, is governed by the  inertial scale 
(u //?)1/ 2 or by the Munk boundary layer scale (A/ /3)1/3, both around or greater than  
40 km for realistic param eter values. Eight km grid spacing is chosen in both the x 
and y directions so as to  cover the boundary layers w ith five grid points.
The choice of the tim e step is governed by the num erical stability of the hyperbolic
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vorticity equation. The time step permissible in such a hyperbolic equation is limited 
by the requirem ent th a t no signal m ay travel faster than  one grid interval per time 
step. In general, it is either the advection lim it, c =  u A t / A x  <  0.5, or the diffusion 
lim it, d =  A A t / A x 2 <  0.25 (in a two-dimesional case; Roache, 1976) that lim its the 
tim estep A t .  For an one-dimensional problem, when both  the nonlinear and diffusive 
term s are retained, c2 +  4d <  1 controls the  tim e step to  a smaller value than  either 
the c or d lim its (O ’Brien, 1985). For the  above m entioned values of A, A x  a time 
step of forty m inutes was chosen in m ost model runs to  ensure numerical stability.
The solve Eqs. 4.8 and 4.9: a  forward tim e-centered space scheme was used to 
calculate the vorticity a t the second tim e step as the leapfrog scheme require values 
for ip and (  a t two tim e levels. W ith ^  and (  known a t two tim e steps, the vorticity 
equation and Poisson’s equation are solved by the num erical techniques explained 
above. The iterative process is continued until the m ean of the basin averaged kinetic 
energy is alm ost constant.
The results obtained from various simulations are presented in the next chapter.
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5 R esults
The num erical sim ulations are carried out to test the  physical ideas developed in 
Chapter 3. Different model runs are made to  test the influence of different types of 
forcing and lateral boundary conditions on the  interior flow. In all the model runs, PV 
gradient flux defined across the northern boundary (Eq. 4.13) is the forcing term . In 
Case 1, the m ean pressure gradient alone is the PV  source term  used for the forcing. 
Under similar conditions, the influence of th e  meridional basin dimension and the 
strength of the forcing in determ ining the meridional extent of the  gyre is tested in 
Cases 2 and 3. In these cases a free-slip condition is used on the eastern boundary, 
physically representing the upwelled boundary layer. In Case 4 and the following 
ones, no-slip condition is prescribed on the eastern boundary, treating it as the solid 
wall. In Case 5, PV  input due to subduction alone is considered. The influence of 
both the physical processes in setting the mean circulation in an isopycnic layer is 
tested in Case 6. The effect of forcing the model with negative PV is tested in Case 7. 
The influence of tim e-dependent forcing on the interior circulation is tested in Case 
8. The effect of grid size on the evolution of flow for Cases 4 and 6 is explained under 
Case 9.
All the sim ulations were started  from rest. The model was run until the basin 
averaged kinetic energy and enstrophy reached a quasi-steady state. The evolution 
of vorticity and stream function in each case was calculated and supplem ented occa­
sionally by an analysis of the different term s in the  vorticity equation. Table 1 lists 
the param eters used in different Cases, discussed here in order.
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Domain 
( k m  x km)
A h
(m 2s)
Eastern B. C. d U / d x
10-7 (ms-2)
Subduction Grid Size 
km
Case 1 2000 x 1000 1000 Free Slip 10 No 8
Case 2 2000 x 2000 1000 Free Slip 10 No 8
Case 3 2000 x 1000 1000 Free Slip 3 No 8
5 No 8
Case 4 2000 x 1000 1000 No-Slip 10 No 8
Case 5 2000 x 1000 1000 No-Slip 0 Yes 8
Case 6 2000 x 1000 1000 No-Slip 10 Yes 8
Case 7 2000 x 1000 1000 No-Slip -10 No 8
Case 8 2000 x 1000 1000 No-Slip 10 sin(u; t) No 8
Case 9 2000 x 1000 1000 No-Slip 10 No 4
10 yes 4
u> =  27r/year
Table 1: List of model runs
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Case 1: PV input without subduction, with free slip eastern boundary.
T he model is forced with a constant PV  flux at the northern  boundary. Free 
slip is prescribed on the  eastern and southern boundaries and no slip on the  western 
boundary. As there is no subduction, the  if? =  0 on the northern  boundary. The 
m odel is run until an asym ptotic sta te  is reached. The basin averaged enstrophy 
and kinetic energy (KE) show (Fig. 13) th a t the model spins up over a period of 
th ree  years before reaching a  steady sta te . The vorticity and stream function fields 
in the  final sta te  are illustrated in Fig. 14. The flow pattern  is entirely steady with 
an anticyclonic gyre filling almost the whole basin. The gyre resembles the Fofonoff 
gyre (Fofonoff, 1954), which is a well known analytical solution for strongly non-linear 
flows.
T he negative vorticity input forms a strong eastward jet along the northern bound­
ary as a  part of the anticyclonic circulation. The m axim um  velocities on the northern 
boundary layer are of the order of 2.0 m s-1 (i.e., rather high). The injected negative 
vorticity is carried by the eastward je t to  feed an eastern boundary layer. The value 
of th e  vorticity increases all along the northern boundary, then  decreases along the 
eastern wall due to the planetary vorticity advection effect. In the interior, relative 
vorticity contour lines follow latitude lines (constant f / h ) ,  especially in the region 
where PV  is homogeneous, but they cut across latitudes and vary rapidly across east­
ern and western boundary layers. The vorticity contours become detached from the 
eastern boundary and follow a particular latitude in the interior. The western bound­
ary is the only source of positive vorticity in this experim ent to  balance the  negative 
vorticity input from the forcing. The PV  distribution shows a homogenized region in 
the  interior with strong PV gradients a t the boundaries (Fig. 15).
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Figure 13: The basin averaged kinetic energy and the enstrophy against tim e for Case 
1.






0 400 800 1200 1600 2000
CONTOUR FROM 0 TO 4x10® BY 20000
RELATI VE VORTI CI TY ( 1 . 0  E - 6 )
600
0
0 400 800 1200 1600 2000
CONTOUR FROM -3 9  TO 90 BY 3
Figure 14: The distribution of streamfunction (0 )  and relative vorticity ( ()  after a 
period of four years for Case 1. The model is forced by a vorticity gradient of 10 
x lO -10 m -1 s-1 on the  northern wall with a no-slip western wall and a free-slip 
eastern boundary. Dashed contours denote negative values.
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Figure 15: The distribution of potential vorticity (PV) for Case 1.
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C ase  2: Influence of meridional basin dimension on meridional extent of the gyre.
W hat determ ines the  extent of the anticyclonic gyre observed in Case 1 is ex­
perim ented w ith here. The variables likely to  change the  extent of the gyre (the 
m eridional dimension of the model basin, Ys) are the  strength  of the forcing (i.e., the 
pressure gradient), the lateral diffusivity and the  p lanetary  vorticity gradient /3. The 
sim ulation keeps conditions the same as in Case 1 except for doubling the north-south 
dimension of the  basin. The anticyclonic gyre observed in the  final state  (Fig. 16) 
extends roughly to  the same meridional distance as in Case 1 (950 km, as defined by 
the  zero stream function contour). The southern portion of the  domain remains quies­
cent as the vorticity  input is insufficient to  drive the circulation against the planetary 
vorticity gradient (Fig. 17). Decreasing the horizontal diffusivity did not alter the 
flow pattern , bu t took a longer period to  establish steady circulation.
C ase  3: Influence of strength of forcing on m eridional extent of the gyre.
In this case, the  strength of the forcing, i.e., the PV  gradient flux due to  pressure 
gradient, is reduced to 5 x 10-10 m -1 s-1 , under otherwise the same conditions as in 
Case 1. The results show th a t the extent of anticyclonic gyre is reduced from 950 
km to approxim ately 780 km (Fig. 18a). W hen the forcing is 3 x 10-10 m -1 s-1 , the 
gyre is reduced to  670 km (Fig. 18b). Hence, the m eridional scale of the gyre shows 
a strong dependence on the intensity of forcing.
C ase  4: PV  influx without subduction, for a  no-slip eastern boundary.
Under otherwise the same conditions as in Case 1, the  influence of the  eastern 
boundary condition on the evolving circulation is tested  in this case. Treating the
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Figure 16: The distribution of streamfunction with the model dom ain doubled merid- 
ionally (2000 km  x 2000 km) for Case 2. The forcing and the boundary conditions 
used are same as in Case 1.
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Figure 17: The relative vorticity distribution corresponding to  stream function distri­
bution (Fig. 1G) for Case 2.
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Figure 18: Case 3: The distribution of stream function for a prescribed vorticity 
gradient of (a) 5 x 10-7 m -1 s_1 and (b) 3 x  10-7 m _1 s-1 on the northern boundary.
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eastern boundary as a solid wall, a no-slip condition is prescribed. This results in 
a “viscous” boundary layer on the eastern , as well as the western boundary. The 
change in the  boundary condition alters the flow pattern  dram atically. The flow 
takes a longer tim e to  reach a quasi-steady state  with larger fluctuations in KE and 
enstrophy (Fig. 19) than in the free slip eastern boundary cases. The initial spinup 
period of approxim ately one and half year is followed by a sharp drop in KE between 
900 and 1200 days (Fig. 19). Later, a  quasi-steady sta te  is approached with 19 day 
period oscillations in the  m ean KE and enstrophy. The 19 day period oscillations are 
associated with the eddy shedding frequency from the eastern boundary layer. This 
is discussed further in the  next chapter.
Figure 20 shows a tim e averaged solution of the stream  function (ip) and the 
relative vorticity (()  distribution averaged over three eddy cycles (Day 1440 to  Day 
1494) after it reached a  quasi-steady sta te . In this case the anticyclonic gyre is com­
pressed to  the  northern half of the basin, with a weak cyclonic gyre in the  southern 
half of the  basin. As the  relative vorticity distribution illustrates, friction at the  east­
ern boundary generates positive PV causing the eastern boundary layer to separate 
from the  boundary, a t a short distance south of the northeast corner. T he strong je t 
separating from the eastern wall carries positive vorticity into the domain. In this 
case, part of the  negative vorticity input along the northern boundary is balanced 
by positive vorticity generated at the  eastern boundary. Also the contour m aps of ip 
and (  are p lo tted  for the instantaneous and eddy motions in figures 21 and 22. The 
instantaneous picture of the  ip shows the  effect of eddies on the  mean flow. Except in 
the western, northern and eastern boundary layers the flow is severely affected by the  
presence of eddies, especially in the southern half of the basin. Eddy field is obtained 
by sub tracting  the instantaneous flow field from the mean field (Fig. 22). Eddy ip 
m ap shows vortices of basin-scale dimensions with an alternating direction of ro tation 
(solid lines denote positive ip means a  clockwise circulation) and are propagating to
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Figure 19: The basin averaged kinetic energy and the enstrophy against tim e for Case 
4.
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Figure 20: Case 4: T im e averaged streamfunction and relative vorticity distribution 
under the same conditions as in Case 1, except for the no-slip condition on the eastern 
boundary.
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Figure 21: Case 4: Instantaneous fields of stream function and relative vorticity dis­
tribution a t the end of four years.
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Figure 22: Eddy fields of stream function and relative vorticity distribution in Case 4.
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the west. Eddies are of elliptic shape with the m ajor axis in the north-south direction.
To quantify the  relative im portance of each term  in the vorticity equation, their 
individual distributions are studied. Figures 23, 24 show contour lines of the four 
term s in the  vorticity equation (Eq. 4.10), local change (“transient, d ( / d t v), plane­
tary  vorticity advection ( “/?u”), relative vorticity advection ( “nonlinear, £)”) and 
divergence of eddy flux of vorticity ( “viscosity, —A  V 2£” ). For be tter comparision, 
the m axim um  values for the viscous and inertial term s near the north-east corner 
are truncated to  define same contour intervals for all the four term s in the  vorticity 
equation. In the  interior, the main balance is among transient, nonlinear and beta 
term s, with the former two being more dom inant. However, in the boundary layers 
the viscous and inertial term s mainly balance each other. Though the nonlinear and 
transient term s are dom inant in the interior, their m agnitudes in the interior are much 
smaller than  in the  boundary layers.
C ase  5: PV input due to  subduction with a  no-slip eastern boundary.
If the pressure gradient term  in Eq. 4.2 vanishes, the advective PV flux due to 
subduction is balanced by the Reynolds flux of vorticity. The PV flux condition in 
this case reduces to:
- a  ! = - < / +
Subduction is incorporated into the model by specifying the following velocity 
distribution on the northern boundary as: 
v ( x ) =  v0 sin[wx/a]  for x  <  a 
v(x)  =  —Vi s in[n(L  — x ) / ( L  — a)] for a <  x  < L
where a  is extent over which the outflow occurs and L is the basin dimension in the 
east-west direction, u, and v0 are the  amplitudes of the  inflow and outflow sinusodial 
profiles. The m axim um  inflow velocity u, chosen here is 5 x 10-3 m s-1 , comparable
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Figure 23: The distribution of transient and beta  term s contributing to  the  relative 
vorticity in Fig. 21.
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Figure 24: The distribution of nonlinear and viscosity term s contributing to the 
relative vorticity in Fig. 21.
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to the  quasi-isopycnic velocities observed in the eastern subtropical North A tlantic. 
The m axim um  outflow velocity is v0 = Vi L /a  balancing the mass flux.
The stream function on the northern boundary follows from integrating the  veloc­
ity distribution w ith xf> set to zero a t the  corners. The stream function on all other 
boundaries remains zero, satisfying the no normal flow condition. In this case, the 
model reaches steady state  in a period of one year. The stream function values pre­
scribed on the boundaries are around 10 tim es smaller than the obtained interior 
m axim um  values. This imply th a t a large part of the  flow recirculates and the influ­
ence of subduction in setting a new PV  a t the outcrop is minimal. T he stream function 
distribution shows an anticlyclonic gyre of a  sm aller meridional extent than in the 
previous cases (Fig. 25). The gyre extends approxim ately 450 km from the northern 
boundary. The strength of the circulation is weaker by one fifth of th a t in case 4. In 
the northw est corner, a small cyclonic gyre is present with an in tensity  of circulation 
about one th ird  less than in the anticyclonic p art (Fig. 25). The reason is th a t outflow 
on the  northern boundary removes PV from the dom ain and is balanced by diffusive 
flux of positive PV  into the domain, which creates a  cyclonic gyre.
C a se  6: PV due to  mean pressure gradient and subduction.
The model is now run with both pressure gradient and subduction prescribed on 
the northern boundary (Eq. 4.2). The instantaneous flow field (Fig. 26) and the 
mean field (Fig. 27) shows a  circulation pattern  sim ilar to  tha t of Case 4 expect for 
the flow being more unsteady and of lesser intensity. No cyclonic gyre is observed in 
the
stream function distribution, in contrast with Case 5. This sim ulation illustrates 
the dom inance of the pressure gradient term  over advective PV transport term  due 
to subduction. The strength of the circulation is nearly three tim es th a t in Case 5.
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Figure 25: Case 5: The distribution of stream function (i/>) and relative vorticity (£), 
when the forcing is only due to subduction.
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Figure 26: Case 6: Instantaneous fields of stream function and relative vorticity dis­
tribution at the end of four years.
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Figure 27: Case 6: T im e averaged distribution of stream function (ip) and relative 
vorticity (£), when the  forcing is due to along-isopycnal pressure gradient and the 
subduction.
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In the  eastern part of the domain, the subduction and the pressure gradient reinforce 
each other, increasing the transfer of PV  into the interior. On the  western side, 
they counteract each other resulting in a smaller PV  transport into the  domain. The 
period of oscillation observed in the m ean KE and enstrophy plots after spin up is 
also around 19 days as in Case 4 (Fig. 28) as this is associated with the eddy shedding 
period from the eastern boundary layer. The step th a t appeared in KE distribution in 
Case 4 (Fig. 19) is sm oothed out here as the  flow adjusted to  the non-linear processes 
th a t are involved.
C ase  7: Effect of positive vorticity on interior circulation
When the  model is forced w ith positive vorticity input (by a negative pressure 
gradient), it produces very different vorticity and stream function fields. In a final 
quasi-steady state , a  more or less steady cyclonic gyre develops in a  narrow band 
along the northern boundary with a deep southward lobe along the western bound­
ary (Fig. 29). P art of the westward flow along northern boundary tu rns southward 
along the western boundary, and penetrates farther south than  the rest of the cyclonic 
gyre, forming a cyclonic gyre of its own small east-west extent. An anticyclonic eddy 
of lesser intensity adjoins the cyclonic gyre. The rest of the  basin is alm ost devoid of 
any circulation. The influence of this form of forcing confines the circulation to the 
upper half of the domain.
C ase  8: Tim e dependent forcing
The pressure gradient a t the outcrop can vary seasonally. To account for this, 
a sinusoidal tim e dependent forcing function was applied on the northern boundary 
with annual period. The forcing function starts  a t tim e zero with negative vorticity
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Figure 28: The basin averaged kinetic energy and the enstrophy against tim e for Case 
6 .
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Figure 29: Case 7: The distribution of stream function (ip) and relative vorticity (£), 
when model forcing is by positive vorticity input.
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input rising from zero to  a  peak a t three months, then declining and turning into 
positive vorticity input in the second half of the year. The PV  flux due to  subduction 
is zero and on the  eastern boundary the no slip condition still holds. T he average KE 
and enstrophy distribution shows the  effect of periodic forcing on their values (Fig. 
30). At the end of six m onths the flow and the vorticity patterns are much as in the 
steady forcing Case 4, albeit a t smaller am plitude (Fig. 31). A t the  end of one year 
(Fig. 32), a cyclonic gyre appears, again much as in the steady forcing case, but w ith 
m ore vigorous unsteady m otions outside the gyre. The same basic pa tte rn  is repeated 
year after year, with more energy and more variety in the  unsteady part of the flow 
than  in the steady cases.
C a se  9: Effect of grid size
To check the influence of grid spacing on the evolution of interior circulation for 
our critical Cases 4 and 6 the grid size is reduced to  4 km instead of 8 km. Using a 
sim ilar kind of forcing as in Case 4, where pressure gradient term  is PV  source, the 
m ean KE distribution (Fig. 33) shows th a t the flow never reaches a steady state. After 
the intial spinup of the model, there is a  sharp drop in KE as in Case 4. However, 
the KE again accum ulates over a period of 1300 days followed by the  25 % drop 
in the  KE. This cycle repeats with tim e. Building up and collapsing of KE in the 
dom ain is associated with the  relative influence of input and dissipation of vorticity 
into the model domain. However, when the advective PV  transport term  (Eq. 4.2) 
is considered, such periodic building up of KE never occurred after the intial spinup 
(Fig. 34). The model reaches a quasi-steady state  over a period of four years ju st as 
in Case 6.
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Figure 30: The distribution of kinetic energy and enstrophy for Case 8.
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Figure 31: The distribution of stream function (^>) and relative vorticity (£) after six 
m onths, for Case 8.
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Figure 32: The distribution of stream function (V>) and relative vorticity (£) after one 
year, for Case 8.
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Figure 33: The distribution of kinetic energy and enstrophy for Case 9 with 4km grid. 
Conditions similar to  Case 4.
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Figure 34: The distribution of kinetic energy and enstrophy for Case 9 with 4km grid. 
Conditions similar to  Case 6.
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6 D iscussion
This thesis explores a  recently identified mechanism of circulation in therm ocline 
layers, forced at their surface outcrops. Instead of conventional Ekm an pum ping 
driving interior layers, the forcing function in the  present study  is PV input by wind 
stress and surface buoyancy flux, which reduces to  the  along-outcrop pressure gradi­
ent. The la tte r is balanced by a part of the wind stress force, while the  other part 
of the  wind stress balances the generalized Ekm an drift v ( f  + () .  Thus the  effective 
driving force may be thought to be lateral shear along the outcrop of an isopycnic 
layer.
Surface PV transport is taken over in the interior by advective PV  flux (due 
to  subduction) and Reynolds flux of vorticity sustained by geostrophic turbulence. 
Continuity of PV transport within a isopycnic layer is the key principle underlying the 
m odeling effort, and was w ritten in Eq. (3.12). In the  derivation of th a t equation the 
seasonal m igration of isopycnals due to  buoyancy fluxes was taken into account but 
was cancelled by other term s. The resulting expression was not directly dependent 
on the surface heat flux although such heat flux is implied by geostrophic cold water 
advection across isopycnal outcrop (Eq. 3.8). W ithin the interior, Reynolds flux 
of vorticity dom inates over advective PV  transport due to subduction. But, where 
Reynolds flux of vorticity is negligible, subduction may carry PV  flux.
The model sim ulations show th a t boundary forcing by what is effectively lateral 
shear generates circulation patterns quite  different from the classical Ekm an pum ping 
theory. In the present study, the eastern, western and northern boundary layers are 
crucial in setting the pattern  of circulation. In contrast, in the  classical wind driven
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models, the interior circulation is governed by Sverdrup dynamics and the  western 
boundary current merely acts as a conduit to  complete the  circulation. B ut here, the 
eastern boundary condition, in particular, is found to  be crucial for the  pattern  of 
flow.
W ith  a  free slip eastern wall, the flow results in a  Fofonoff gyre with strong bound­
ary currents on the northern, eastern and western walls. This is similar to  the solution 
obtained by Fofonoff (1954) in a  frictionless steady horizontal flow asserting the  dom­
inance of non-linear term  in the vorticity balance. A similar circulation pattern  is 
also obtained by Cessi et al. (1987), who analyzed a  barotropic model forced on the 
north  and south boundaries by PV anomalies. Their results showed a closed gyre 
and homogenized PV in the  interior. The homogenized value of PV was the  average 
of the PV values on the boundary, weighted by the corresponding velocities on the 
boundary. The homogenized value of PV decreased as the  forcing strengthened or the 
dissipation weakened, while the size and strength of the gyre increased, as is the case 
in our study. The meridional extent of the recirculating gyre was proportional to the 
PV anomaly prescribed on the boundaries. However, the PV anomalies prescribed by 
Cessi et al. (1987) were arbitrary  with no functional relationship to boundary layer 
dynamics or diabatic processes creating PV anomalies.
As observed in Cases 2 and 3 of our model sim ulations, the meridional extent of 
the anticyclonic gyre with a free slip eastern boundary decreased when the  intensity of 
forcing (the PV input, i.e., the along-outcrop pressure gradient) was reduced. On the 
other hand, the friction coefficient had no effect on the gyre size. A simple dimensional 
argum ent yields the functional form of relationship of gyre size to other param eters. 
Let m eridional scale of the circulation (Vg) depend on forcing (the pressure gradient, 
d U /d x ) , the  planetary vorticity gradient (/?) and the isopycnic lateral diffusivity (A). 
Performing dimensional analysis yields two non-dimensional numbers:
Ya  /?2/3 (3 A
(d n /d x ) 1/3’ d u /d x  
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The second non-dim ensional num ber is the  inverse of Reynolds num ber and its value 
in the present study is of the  order of 2 x 10-8 , indicating the near inertial flow. 
For the  param eter values considered in Cases 2 and 3, an average value of 7.2 was 
obtained for the  first non-dimensional num ber. The plot of the m eridional scale of 
the gyre (Cases 2 and 3) with the length scale defined by the first non-dimensional 
num ber (Fig. 35) yielded a linear empirical relationship:
Ya =  6  ( ^ ^ ) 1' 3 +  1 .2 5  x 1 0 s
Such an empirical relationship gives an estim ate of the extent to  which PV  at the 
surface outcrop (due to different surface forcing mechanisms) can drive the circulation 
in case of upwelled isopycnals.
In Boning’s (1986) numerical model study on wind-driven circulation, the beta 
term  (/3v) and the nonlinear term  ( J ( ^ , 0 )  dom inate the vorticity balance when free 
slip boundaries are used. But in Case 1, it is the nonlinear and the viscous term s in 
the boundary layers which contribute m ainly to the  total integrated vorticity balance 
in the domain.
W hen a no-slip condition is prescribed at the eastern wall, it to tally  alters the 
circulation by causing the eastern boundary current to separate and create eddies 
tha t propagate toward the western boundary. The cases run with the no-slip bound­
ary condition on the eastern wall invariably produced cyclonic eddies th a t advected 
towards the western boundary. These eddies, initially approxim ately 300 km in di­
am eter grew with tim e while their strength diminish as they dissipate their energy in 
the course of their westward motion. They originated from the injection of positive 
PV into the domain.
Figs. 36 and 37 show the variation of PV in the eastern boundary layer. The 
distribution of PV at a particular latitude (at Y=1160 km) show th a t the  eastern 
boundary layer scale in the no slip case is of the order of 50 km (6 to 7 grid points). 
The m agnitude of positive PV generated at the eastern boundary (for example a t Y =
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Figure 35: Variation of the meridional extent of the gyre (Y) with the non-dimensional 
num ber (dU / d x / fi'1)1/A.
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1120 km) in the no slip case is seven times th a t in the free slip case. In the la tte r 
case positive PV is generated only due to the planetary vorticity effect.
A marked drop in the mean K E observed after the intial spinup of the  model in 
Fig. 19 hints a t a dynamical scale problem related to large dissipation rates. The 
cascading of energy is lagging behind the spin up process i.e., th e  energy is not 
dissipated at the ra te  th a t it is pu t into the domain. During this tim e, the animation 
of the  relative vorticity field showed the formation of cyclonic eddies near the eastern 
boundary with two dom inant periods of 16 and 18 days (also reflected in enstrophy 
plot, Fig. 19b). Eddies with longer periods were dissipated near the western boundary, 
while the slower ones carried the residual vorticity into the south-western corner which 
eventually dissipated. Finally, it adjusts to an equlibrium  sta te  where eddies are shed 
from the eastern boundary with a  constant period of 19 days.
The 19 day period oscillations matches with the diffusion tim e scale th a t was 
calculated from the eastern boundary layer thickness (6e) and the lateral diffusivity 
(A) as: S \/A . Coincidently, this is also the estim ated tim e for the  eddies, in the 
eastern North A tlantic, to grow from zero to their average energy level (Kase et al., 
1985). Boning (1986), a ttribu ted  such fluctuations in m ean KE to the inability of the 
lateral friction to  dissipate the to ta l wind input energy in his num erical model study.
Subduction is assigned considerable im portance in ventilation therm ocline theo­
ries. It is supposed to be the main forcing mechanism driving therm ocline circulation. 
The results from Case 6 show by contrast, th a t the effect of along-isopycnal pressure 
gradient overshadows the effect of subduction. One im portant aspect shown in this 
study is th a t, even a simple barotropic model can reveal the im portance of boundary 
layers on isopycnal surfaces as potent generators of mean flow and geostrophic tu r­
bulence. The results depend, however, on the constant layer depth idealization: they 
only indicate the general character of circulation arising from the vorticity input at 
layer outcrops. The presence of adjacent layers less vigorously forced would presum-
89
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
ably damp the  response in a strongly forced layer and vice versa. Such interactions 
m ay or may not be strong, but they are unlikely to  alter the  general character of 
circulation forced in the particular way here considered.
To a lim ited extent, the present study mimics flow conditions observed in the 
eastern North A tlantic where the flow separates from the  eastern boundary, and 
develops eddy motions. It shows also an intense je t along the northern boundary 
which can be reasonably related to the  eastward flowing Azores current in the  eastern 
A tlantic region. The high velocities in the  model suggest th a t the forcing was too 
strong for sim ulating th is current. The eastern part of the circulation pattern  seen 
in Fig. 26 resembles somewhat the  flow structure in the  eastern N orth Atlantic 
(S tram m a and Siedler, 1988; cf. Fig. 10). The model also reproduced the westward 
propagating eddies near the flow separating from the eastern boundary. However, 
the  eddy sizes in the  model are larger than those observed in the eastern subtropical 
N orth A tlantic.
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Figure 37: Variation of potential vorticity near the eastern boundary for Case 4.
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Free Slip Case









Figure 36: Variation of potential vorticity near the  eastern boundary for Case 1.
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7 Conclusions
The present study dem onstrates the  application of PV as a potential tool to  under­
stand and determ ine the structure of therm ocline circulation. PV  conservation in 
the ocean (viewed as a stack of constant potential density layers) makes the  therm o­
cline problem  tractable. Here, we used the flux form of E rte l’s theorem  to determ ine 
the  surface PV  flux, arising from wind and buoyancy forcing, a t an isopycnic layer 
surface outcrop. We took into account the seasonal movement of the isopycnals and 
geostrophic turbulence. The surface PV flux transport is taken over in the interior by 
advective PV  flux (due to subduction) and Reynolds flux of vorticity sustained by the 
geostrophic turbulence. Continuity of PV  transport (flux tim es layer thickness) from 
the surface to  a  short distance below yields the  following surface boundary condition 
on an isopycnic layer:
^  =  ( /  +  C ) ^ r + < C
where ^IT/ d s  is the to tal pressure gradient along the surface outcrop, v'n( '  Reynolds 
flux of vorticity, vn, along-isopycnal velocity component (almost northw ard), both  
normal to the  outcrop.
One notable feature of the above expression is the absence of a term  related to  
surface buoyancy flux or the seasonal m igration of isopycnals. The density tendency 
term  in the flux form of E rtel’s theorem  is cancelled out by the seasonal movement 
of the isopycnals. The result shows th a t subduction is not tied to a  specific ra te  of 
heating required to  hold an isopycnal in a fixed position, a result Nurser and M arshall 
(1991) would seem to imply. Furtherm ore, Reynolds flux of vorticity should in most 
cases dom inate PV flux into an isopycnic layer. W here Reynolds flux of vorticity is
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negligible, subduction carries the PV flux, typically  a t small intensity.
The im perm eability theorem for isopycnal surfaces allows PV  in p u t/o u tp u t to 
occur only a t boundaries. The constant layer-depth idealization leads to  a minimally 
complex model of the  circulation in an isopycnic layer in isolation. The model is forced 
on the  northern  boundary with the flux condition w ritten down above. The results 
show active northern, eastern and western boundary layers governing an interior 
circulation pattern  unlike that in classical m odels driven by Ekm an pumping. The 
m ain feature of the circulation is an anticyclonic gyre with a strength dependent 
m ainly on the intensity of the forcing, the sphericity of the  earth, lateral diffusivity 
and the eastern boundary condition. O ther im portan t features are the  vigorous eddies 
south of the  anticyclonic gyre shed by an unstab le  eastern boundary layer in contact 
w ith a solid boundary. W ith free slip a t th e  eastern boundary (upwelled isopycnic 
layer), the boundary layer there is relatively s tab le  and it allows the steady circulation 
to  penetrate  a considerable distance south. T he interior circulation pattern  is then 
sim ilar to  th a t predicted by Rhines and Young (1982b). The western boundary is the 
only sink for PV  in this case.
In the case of a no-slip eastern boundary condition, the eastern boundary layer 
separates a t a short distance from the no rtheast corner, pumping positive vorticity 
into the  basin. Cyclonic eddies form near th e  eastern boundary and propagate west­
ward a t a  speed of barotropic Rossby waves. T he “nonlinear” term s and the “viscous” 
term s dom inate the area integrated PV balance, however. The model results show 
th a t vorticity input, viscous and inertial effects in boundary layers are all potent fac­
tors in determ ining interior circulation. T hey  also dem onstrate th a t PV  input due to 
the to ta l pressure gradient overshadows PV  input due to subduction. We also sug­
gest th a t the results, for the no slip eastern boundary case, reflect m ajor circulation 
features in the Azores current area.
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